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IMIEFACE 


If you want to loam a subjocfc, t(3ach it,” and “ Jf you want 
to learji a subjiict, write a boftk on it.” Both arc v(!ry sound 
piccoK o{ advice ; but, as far as Elementary Solid (leometry is 
eoncurned, they have not been hitherto very easy to carry out. 
The would-be learner should fiave access to the ^rcnit fund of 
information that exists as the outcoirn; of centuries of work and 
of the ideas of many a genius ; he must be able to a|)])ly what he' 
has learnt to ev(;ryday ]»roblems (always increasiiig in number 
with the advance of knowledge) ; he must have exp(!rionce as 
well and j)lenty of time#at his disposal. *Acc(\ls of a kind there 
l^xs doubtless been for a long while, but the stores of information 
arc Either contained Tn many books, none of them hilly intel- 
ligible alone, or else concentrated, as in an Phicyclopaedia in a 
bulky and costly form : and, though countless examples may be 
culled from Nature and from everyday affairs, yej it is extremely 
easy to pass them by unseen. There is thendore still something 
wanting, which it is hoped that this volume, will supply. 

My object is to present elementary features of Solid Geometry, 
with many ideas as to their application, in the hope, that the 
practice will help to find other uses for the truths, which have 
been known so long and yet are Always frtish. 

The subject is developed both from th(‘ practical and ^theoretical 
point of view. Reference is made continually to the historical 
side. In the specimen examples the tendene.y Ivas been to note 
how the groinid should bii prepared for the solution of the probjem, 
by this m»iana emphariizing the necessary lines of attack. There 
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are 10 projmsiiions and about 150 exaiii|)les (flic Heo])e of wliieli 
is iiulicatcid by tlie followin^^ roifgli siiiniiiary) : 

5% Plans and Elevations ((I.D.), 

55*Vo Special eases (CM.), or (.^aleulatjons), 

38% General cas(*s (Theoretical Calculations), 

2!?% Riders. 

They have bee^n very clearly grade<l. Thvtrc are !io hard and fast 
lini‘-s as to the beginning and end of the subject, so certain S('ctions 
of it, about the inclusion of which opinions may differ, are given 
in Appendices 1. and II. ; in thejormer is a note on some ways 
of showing relit'f, in the latter are five pro[)ositioTis sonu'what on 
the border line. The det(‘rniination of the ])articular style of the 
diagrams, which are a feature oh the book, has been difficult in 
many (;ases. UmpieStionably models convey (^orrc'ct ideas of 
3 dimensions much more quickly to the eye tluui pictun'S on 
flat ]mi)er (necessarily in 2 dimensions) ; l)ut their use is im- 
practicable in a text-book. It is possible to a<io|)t various plans 
on stereosco])i(5 principles, with s[)eciaHnstrumcnts for viewing 
every figure, but these arc more likely to excite wonder by their 
realism than to afford any genuine, aid in^ the acquisition oL the 
habit (so essential to the student of Solid Geometry) of imagining, 
and also depicting, space by Ilat diagrams alom?. Here shading 
and colour hel[) ; however their reprod uction recjuires some artistic 
skill and is qufte ])rohibitivc in the matter of cost : this alter- 
native is seldom used. In certain**cases the camera has been of 
service, and reproductions of j)hotographs are given on several 
occasions. The adoption of lines of different thicknesses couveyvS 
some idea of solidarity, vhile conventional lines of shading are 
frequently appropriable, in some figur<‘s the impoHmit lines have 
been emphasized. 

My thaftks are due to the Controller of His Majesty's Statiomuy 
Oilice for permission to include some (piestions from recent Army 
Entrance Examinrtion i^ipers. The advice of Mr\ A. R. Hinks, 
Mr* A. L. Onslow and Mr. E. V. Slater, ^pn varfqus ^points, has 
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boon of boiofit. 1 iini iiK^^^btcd to Mr. 1). F. Laiidab^ for 
a paper model of a regular icosahedipn, from wliicli the photo- 
graj)h on page 105 wan juade. The criticisms of Mr. F. VV. Dobbs 
and Mr. W. D. Eggar have been most valuable. Many others 
have consciously, or unconsciously, given me information and 
id(;as ; to them 1 am ^cry grat(5ful, and amongst these 1 sluTuld 
mention (es])(‘cially) important olficials in the Cufiard KSt(!amship 
Company and the L. &*N.W. Railway Company. ’Again, in the. 
production of this volume, as well as of its predecessors, I owe 
an enormous debt of gratitude to Mr. W. Hoi)e-Jones, who 
throughout has [)]aced his knoVledge. at my disposal, has fre* 
quently b(‘stowed considerable labour on a diversity of affairs, 
has ci;iticis(‘d in very great detail, and has end(‘d by che(;king 
eviu’Y answer. To the careful *and thorough revision, and sug- 
gestions, of the General Editor 1 should like to pay a warm 
tril)ute ; and last, but not least, 1 am much beholden to the 
Publishers, who have had far from an easy task. 

V. L N. F. 
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NOTES 

Much of thifi advicr dors vof rrfrr to Solid Geonieirif alovr. If is 
so/fifcstcd that j/oo read fhroofjh Ihv Notes from lioie to time; if is 
nearly useless readioyi them only once precediny all study. 


§1. In niiiiKTiciil work, gcncmJly tspoaking. kocp a gn.aU'r 
clogree of accuracy in the coinpiifations lluin is rtMjuircd in tlu' 
result, ft is oft<‘n (lan‘j!:<‘roiis to inak(‘ too dnistic jipitroxiinations 
earl}'. 

§ 2. On ])rincipi<^ avoid more compulation as lon^^ as ])()ssi]>l('. 
For instance it. is quicker, and more acfAirat(‘, to use .^/2'tliari 
l’4142l... and such like; itps far oasiiT for you to cdieck your 
work if you have avoided numerical computation ; by all means 
shorten your work, en routes by obvious simplilications, but any 
modification at all elaborate is fjimerally hotter jiostpom'd. 
Above all it is far clearer to theJse you ar(‘ trvius^ to convima^ 
with your arguments. 

The notation re<juired nowadays is vastly siniplitied. The 
convenient proce.s.ses of 'Arithmetic, Algebra, 'IVigoiiomeliy and 
the Calculus are no <(mger in tlie water-tight, compartments into 
which they we^'e seiiarated i:i the pa.st. 

It shoifld^be noted that it is qiiestioiiahhi to give a result to a 
greatei- degret; of aecni'aey than the^dala perhajis warrant. 

J3. Do not try to run bej'ore you can walk } so be content, 
in the first reading, to do tlie work very thoroughly^ (but thorough- 
xii 
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ii<;ss is not synoifymous with long-windedness). Quickness is 
clearly much to be sought for, iM mt at first ; you should learn 
to be quick when you liave grasped the principles fully, and that 
is certainly not when you have only a hazy notion about tlie 
subject. 

§ 4 . Be inclined to makeshift models to help to give^mu 
ideas for the solution of a ])roblein in thi»ee dimensions. 
Frequently stiff paper lAuit, a set-square leaning agjinst a book, a 
h‘g of a pair of dividers stuck into a board (and such-like devices), 
will illustrate* the problem and tell you readily which seel ions to 
draw, and tliat is very much more than half the battle. 

§ 6.^ In any ])articular case you should adopt tin* styb*. of 
diagram which will best cxplai*n the ])()int you wish to make ; 
naturally with due reference to your ])owits as a draughtsman 
and to tlie time at your disposal. 

§ 6. One »Seiene(! is the handmaid of another : and it is with 
cooperation (each doing his own share) that you <41111 make light 
(jf the dilfieultics whieli seem to be. so impossible to a single 

i)«lividual. 

• 

§ 7. It has been said that of every business, or profession, 
is common sense. Solid ( 4 eometiT affonls abundant oppor- 
tunities for the exercise of that.^* The r(!maiMing (Leehnieal 
iletails) will be easy enough, when the time eomesf, if your grasp 
of the is sound. 

§8. 'riie application of Solid (Geometry to tlie Farth is of very 
great practical ini])ortance to human beipgs. 



TO THE STUDENT. 

Throughout, the bookwork ami examples are either blank, o 
liave one asterisk ♦ at the side, or two asterisks * ♦ jit the side. 

It is suggested that in tlie first reading you sliould eonfim^ youi 
ideas to the unmarked parts. On a second rearling you should 
also tackle the * parts. On a third reading you should be familiar 
with all. 

The examples jirec.eded by the letter 0 miglit be discussed 
orally. Answers are i.ot givcm to those questions. 

In the “ specftil trfs ” calculations should give quicker (and 
more reliable) answ(‘rs than tho.se obtained by geometrical drawing 
alone ; but clearly using one method as ii chock to the other is 
safer still. 



fiurrKR XL. 

PARALLELEPIPEDS AND TETRAHEDRA. 

§ 1. The shn])o of a Parallelepiped i« most (Misily realized from 
a model, in default of which use the two li^ures following. A 
})arallele])i|)ed luis a parallelogram as base. Its lour side faces 
are parallelograms. Its o).>posite faces are jr^rallel ami the same. 
It has si.x faces. It may be obliipie or right, but in th(‘ latter 
(sf)e('ial, but very im[)ortanl) case it i.s sonndimes called a cuboid ; 
[a box and a rottin are farniliar exani])les|. 


The most im|>ortant right-parall?le])iped is the cube, which has 
all its edges equal and its faces are s^juares. 

The erroneous spelling parallelo piped is often found. The 
derivation of the word includes the (Jreek preposition tV/ (epi), 
so that the “ o ” spelling is incorrect. 

0 

§ 2. A Tetrahedron is the solid bt>undcfl by, 4 plane faces (the 
minimum number of faces for a solid). 

Each face is a triangle. Two im- 
portant properties of these solids are 
embodied in Propositions 39 and 40. 

A tetrahedron fs soineVimes called a 
Pyramid with a triangular base. 

F.w. til. 
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§ 3. It should be noted that a plane is determined by any one 
of the following : 

(1 ) Three points not in the same straight line (hence a triangle 

determines a plane). 

(2) Two intersecting straight lines. 

(3) Two parallel straight lines. ' ^ 

(4) A straight line and a point not in it. 

Thus, if iTny one of the above conditions obtains in any par- 
ticular case, we can apply two-dimensional geometry for that 
portion. 

Tliese are familiar facts of ev(*ryday life. For (1) you will . 
r('collect that it is alwags possible to rest a r‘M(‘gg(‘(l tabh* on t he 
floor ; but that, if the table luicS tuoro than 3 lege, th(*y miisl l)e 
of correct lengths. ^ 

For (2) and (4) yon should irnagiiv^ a ])lan(‘. through a line in 
(jucstion, revolved about until it satislies the other condition. 

For (3) you might remember that a tea-tray, if it slides down- 
stairs, can la in contact with tin* parallel front edges of t wo st(‘ps 
of a straight flight, but not where the dight goes round a corner, 
for th(‘rt‘ th(‘ front c;dg(*s art* tjo hiiiger piyallel, 

§ 4. In Propositions 3S and 39 it is assumed that straight lines 
parallel to the same straight line (not in the same plane with them) 
must be pare^lel to one another. If the truth of this important 
fact is not taken as a ])iece of common knowledge., referema* shouhl 
be made to Proposition W in .Appendi.x 11. on pag(‘- bSO. 
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PROPOSITION 38. 

§ 5. General Enunciation. Th, { four) diagonals of a parallcl- 
epiped are concurrent and hiseel each other. 

Particular Enunciation, pqrsabcd is the |){irii]lelftpi}) 0 (l. 
The diagonals iue PC, QD, RA and SB (only 2, QD,and SB, are 
shown in the figure). To prove that PC, QD, RA*and SB arc 
concurrent and bisect each other. 



Proof. QB and SD are Cfjual and paraUcl (f(y’ "(KTcIi is equal 
and parallel to PA).* 

QSl^b is a parallelogram, 

so that its diagonals (QD and SB) nVct and bisect each other. 
Similarly each of the 3r(l and 1th djhgonals of the parallelepiped 
meets and bisects the 1st. 

8o that the 4 diagonals PC*QD, RA and SB are concuiTent 
and bisect each other. 

Q.E.D. 

[Tlu! intersection of tlie diagojuijs is ofbui marked 0.] 


* Si*o § 4 ‘’f tills chapter. 
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PROPOSITION 3D. 

§ 6, General Enunciation. The joins oji the mid points of 
the opposite edges of a tetrahedron are concurrent and bisect 
eaet other* 

Particular ^Enunciation, vabc is the tetrahedron. P, Q, 
R, S, T and 0 are ihe mid points of tlie 6 edges VA, VB, VC, 
BC, CA and AB (only namely P, R, S and U, are shown in 
the figure). To ])rove that P55, QT and RU arc concurrent 
and bisect each other. 


V 



PU JVB and is parallel to it. 


Similarly, ^n the / CVB, RS«^ JVB and is parallel to it. 

PU and RS are eqiml and parallel ; * 

PUSR is a parallelogram, 

so that its diagonals P^ and RU meet and bisect each other ; 
similarly QT and RU meet aiyl bisect each other ; 

PS^ QT Snd RU are Cv)ncurrent and bisect each other. * 

Q.E.D. 

[The intersection is often marlfed 0.] 


* 8ee § 4 of this chapter. 
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§ 7. ft is intereatiiig to observe that the six jxonts 
(P, Q, R, S, T and U), in the f)rcceding, form the angular 
])oints of an octahedron. (It is usual only to consider 
octafiedra, whose Virc'e diagonals arc. coneurnuit atid bisect 
each other.) It is easy to imagine, such an o(itahe(^jon 
nestling iji the midst of ani/ tetrahedron; ref(‘renc«i should 
b(‘ made to the figure of Question 24 on j)age 175, thougTi 
this shows one big mjulnr tetrahedron split U}^ Into four 
litthi tetrahedra with*one little octahedron in tlieir midst, 
yet it is ipiite possible to generalise, ^’ou should also note 
t’ha])ter XLlll., the end of ^5 (on ]»a.ge 171) for another 
important property, g(*neralising again. 
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PROPOSITION 40. 

§ 8. General Enunciation. Thr sfraif/hl lines which join 
the ( four) vertices of onf/ telmhedron to centres (tf f/ravity {or 
ceniroids) of the opposite faces are eonearrent, (Otd divide each 
other hi* the ratio )> : I . 

Particular. Enunciation, vabc is Mu* tuiialu'dron. ,7, ,.7., 

//;} a»(l ,74viro the cent res of j^ravitr of t he faces VBO, VGA, 
VAB ainl ABC (only 7, and 7^ are shown in th(‘. liijjiire). 

To prova* tJiat, A7,. ('7., and V7, are concurrents and 

divide each other in Mjc ratio : I. 



Construction and Proof. IVI is t.he nTid ])oint of the efige BC 
hence, in / VBC (since 7,. is its centre of gravity), IVIr/j M V ; 
and, in / ABC (since 7^ \h its centre of gravity), M74-- .';MA; 
so that, in, MVA, •; MV - 1 : :5 - M//,, : MA ; 

7^74 is parallel tonVA and eipud to ),VA. 

Now MAV is a plane, so that A7 j and V74 cut. 

Let them cut at G. 

In the similar triafigles VGA and 74G7,, 

' vG:74G'^^VA:747j ‘1:1; 

hencu and V74 meet and divide each other in the ratio 3 : 1. 

In the same way the second and third, B72 and C73, meet and 
divide the fir^t, A71 (and are ditided by it), in the same ratio. 

A7,, B72, C73 and Y74 are concurrent and divide each 
other in the ratio 3 : 1 . Q.E,D, 
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§ 9. The truth iff the preceding proposition can be inferred 
from statical considerations. 

Eor, wit.li the aame liguro, the (hG. of th(‘ tetrahedron 
VABC is the same as that of equal particles situated at its 
I vertices. 

Suppose tiiat th‘1 particl«‘s are each of unit mass. Tfie 
three partich's, at A, B and C, have (lie same effect as a 
single jiarliele, of nuiss .‘1, at (tlie P.G. of . .A^C). 

Again, (he two |)artic.Ies (I at V a?id “I at f|^) liave the 
same ell'eet as a single particle 1 at G (wIhtc VG : Gf/j -G] : 1 ) ; 
so ( hat G is tlie (h(l. of the Tel rahedron. 

Now tli(‘ tetrahedron lias only one G(l. : and, hv treating 
di4Tt:nmt vei l ices of ( he tel rahedron as the single vertex, 

• • _ r> ' 

we must gel the same (’.G., and (his proves (he pro[)osition. 
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§ 10. 'Die ])ro])Ositiona, in tliis chapter, liaf e resolved themselves 
into taking appropriate sectihns and working in two diniemionif. 
As an Example of calculation consider the following, observing 
the ligiire for the meaning of the letters. • 

L* is the mid })oint of DA. (The edges Q 

the chbe are a.) M is tlie mid y)oint^nf 
tlie line PL. . flow long is CM ? 

{One w<ti^ is to work with the triaiy^lc 
PCL. CM is a iiKHlian of that triangle. So 
that the first thing to do is to calculate 
the .s(piar«‘.s on the sides of tlniK. triangle.] — 

Join PR, PC and CL. 

Plane PQRS APQR, PR’ - PQ^ + qr 2 (T»yth.> ; 

/. PR'‘^-2n^. 

Plane PRCA /.PRC, PC;^ -PR'-^ l RC- (Pyth.) ; 

PC^ ;.k/-. 

Plane ABCD / CDL, CL2 - CD2 + DL-^ (Pyth.) 

o s .> 

4 

Plane PSDA //PAL, PL^ ---- (similarly) ; 

PM2- ML2 .-- 

Plane PCL CM is a median of , CPL ; 

‘2CM2 f-^PM2 ^ PC2 + CL2 ; 

2CM2 f I ; 

whence ClTr- 

CM JnV20. 

[The Stmlent should understand atiofhcr wajf, reckoning CM 
as a diagonal of a riglil- parallelepiped, with 3 edge.s 

CD(n),^along DA(Ju) and through M parallel to AP(.lu): 
thus , ' CM2-fl2((l)2 1 (3)2 I (.J)2j etC.] 

EXAMPLES 40 a. (CALCULATIONS. GENERAL CASES.) 

. 1. A swimining bath is a long and h wi(Je* its de])th varies 

uniformly from s at the shallow end tod at thQ de/^p end. Whut 
is its volume ? 
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2. A cube (of edge a) is cut in fialf, dia- 
gonally, l)y a plane througli two ()j)j)osi(<‘ 
edges. Wiiat is tlic s^iajw of this section ( 
What is the area of this section ? 


3. X a]id Z are the mid points of two 
Opposite edges of a cube (of edge. </), and W 
and Y are diagonaJly opprjfsitc comers of t lu! 
cube adjacent to X and Z. 

Prove that WXYZ is a parallelogram. 

What is its area ? • 

• [A and B are needed for (Question 16.] 

4. 0/#, OB anji OC are three straight lin(‘s mut ually at right 
angh's. Pn»ve that the sum of the s<piares on the sides of the 
triangle ABC is e(|ual to twice tlie sum of the stpiares on OA, OB 

*aii(l OC. • 



5. A rectangular parallelepiped has edges (/, b, <\ What is the 
length of its diagonals f 

\\ hat is t h(‘. diagonal of a cube whose edgc<is a { • ft'ou should 
confmit this answer to memory.] 

6. T?ie (juadrilatcral ?QRS is formed by 
joining two diagonally opposite corners^ of a 
cube and the middle points of two opposite 
edgi’s, as shown in the tigure. Show that 
PQRS is plane and that it is a rhoillbus in 
shape. If the edges of the cube are a, what 
are the diagonals of PQRS, and \\diat is its 
area ? 



7. M is the middle point of the edge AD 
of a cube. R is the corner of the cube dia- 
gonally^ opposite to A. Calculate theAength 
of RM in three ways. Tlie edges of the cube 
are a. 

[Hints. (1) Calculate RM in the right- 
angled triangle RDM. (2) Calculate MC in 
the right-angled tfi|ingle CDM, and then RM 
in the right-angled triangl® RCM. (3) T*on- 
sider RM as a median of the ^triangle RDA.] 
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8 . \\ hat is tlio area of tho triangle fornircl by joining the mid 
point of one edge of a eiibeito the ends of the o|)[>osite edge ? 
The edge of the oiibo is a. 

9. What are the Jengths of tlie straigli^ lines joining a corner 
of a (Mil)e to the joints of trisection of one of the t hree oj)])Osit(? 
edt^:‘S of tin' cube \ Tlie length of an edge of the cube is a. 

^ 10. 7\ room is a lotjg, h wide and c Vigh. What is the area of 
the triaiigle formed by joinijjg one-(orn(‘r-of-the-c(*iling to ends 
of tlie lenghtj-of-the-iloor on the. o|>jK)site side of the room ? Write 
down the aiea of triangle if the joins are to the widt h-of- the-llnor, 
again furthest away. 

11. A jiyramid lias an cijuilateral triangle (with sides a) as 

base. Its other 3 edges ,are each of length 1. t’alcidatf'. the height 
of the pyramid. * 

12. Kind the angles betwceji <liag()naJs of a cyb(‘. 


*13. If L aiid M the mid |»nints of two 
edges BA and BQ (of a. cube), are joined 
to the point S (S being th(‘ corner ] 
diagonally 0 |)p 08 it.e B), lind the size of | 
the angf; l^SM. , I 



* 14, The ligure suggests how a cube j^.a) 
be cut to give a regular h(*.\agon. (tivc 
the construction and reasons fullv (but 
no formal jtroof is required). If an edge 
of t he cybe is u, what is*the side of the 
hexagon ? What is the volume* of each 
of the j)ortions into which Yhe cube is 
cut ? What is the area of tlie liexagon ? 

* 15. If all the edges of a tetrahedron are equal to a, how far 
is it between its centre of gravity and one of its vortices 'i 

* 16. In the figure of Qiie^ion 3, if K is a point in XY such that 
XK~ JXY, give the following lengths WK, AK and BK. 

*17.*VABC is a tetrahedron in which VA=^^, VB = w, VC = m, 
BC = if, CA=h and AB -c. Wliat is the length of the line 
joining the middle points of«VA and BC ? Write down (by 
cyclic chan^'cs) the lengths of the other twd lines joining the 
middle points of oppos?ce edge^. « \ ^ 

[Hint. Work with a median of various triangles.] 
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*18. A room meas^ros <f l)y b by c. Find the nnp;los between 
the diaf^onals of the room. j3 ispses. i 

iS .B . — hy a diagonal of a room is meant a line joining one 
e.orner of the ceiling to the c.orner of the floor furthest from it.J 

* 19. A. pyramid witJi a square base lias four equal isoseeles 
triangular sides. The height of tin* jiyramid is equal to 1 tlie 
side of the S([uare. Vihat are the anglt‘s of one of tlie*ist)seeks 
triangles ? 

* *20. With the same dotation as in Question 17,Jif //j is tin* 

centre of gravity of the face ABC, how long is V//,, and how 
long is VG ? G is the eentr«‘. of gravity of the solid. 

I Hint. See tin* figure of yrop.40 on page 42(S. ('alculate 
VM (a median of VBC) ami AM (a median of . ABC). Then 

work with .i.VMA, i 

• 

* * 21. A dooi* (I high and h wirte, is ajar at an angh* W. At 

what angle is a, diagonal of the open dior inclined to the 
diagonal of the (Uior when it is shut '( 

* * 22. jleferring to the figun‘ on page 131, AR is a diagonal of 

a cube whose edges are a. AR is trisected at the points H 
and K. What are the lengths of DH and DK ? 


EXAMPLES 40 b (RIDERS). 

1. Prove that the area, of the trialigle formed by joining the 
mid points of three edges of a tetry,h<*dron (which meet at one 
vertex) is \ the area of the faiag which is oppositt' to tlu'. vertex 
at which those edges meet. 

2. Equal lengths, QX a.nd DZ* are taken (internally) along one 
diagonal QD of a parallelepiped. Also etpial lengths, BW and 
SY, are taken (internally) along another diagonal BS. Prove 
that WXYZ is a ])arallelogram. 

I Hint. Make a figure like, that ol^Proposition 38 on page 425.] 

3. ABCD is a rectangle whose diagonals cut at t(. P is any 
[)oint in space. Prove that PA“H-PB" I PC“ f PD- - IPK'*^ -h^C'-. 

4 . Show that tlu! s(piare on a diagonal of ,‘i cube *s 3 times 
the square on any of its edges.® 

5. Prove tjiat^The mid points of Mie sides of a skew (i.c. nol 
plane) quadrilateral must be the vertii-es of a parallelogram. 
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^ 6. Show tliat the sum of the squares ow the 4 diagonals of a 
parallelepiped is equal tf the sum of the scpiares on its 12 
edges. 

I Hint. Recollect that the diagonals^miist bisect each other, 
and work with jnedians of triangles.] 

# 

^7. IJ a parallelepiped is (uit by a plane which intersects two 
pairs of op])osite faces, the (^onimoif section forms a ])arallelo- 
gram. 

« 

* 8. Thr<Ai points A, B, G are taken one on each of three conter- 
minous edges of a cube : prove that the angles of the triiingle 
ABC are all acute. 


rill N’T. If the conterminous edges of the cube meet at 0„ 
i(‘t OA, OB and OC be respectively .r, y and 2 . Calculate BC‘, 
CA“ and AB“, and prove BC‘^ < CA“ + AB“ ; similarly, etc.j 


* 9. 'I'lie dotted 4’giii‘e PQ,RSABCD is a cube. Its corners P, R, B 


and D are joined to form a triangular 
(jyramid. I’rove that all its (alges 
must be equal. Four (()f its si.v) 
edges arc bisecte<J (two Oj>posite 
(‘dg<*s aTe /excluded). Prove that a 
square must Ix^ formed. (Naturally 
iJie shaded figure looks lik<‘ a paral- 
lelogram only.) If the edges of tin?' 
cube are a, what is tl^e urea of the 



square ? 


A D 


* 10. In the figure of Propo.'iitiori 38 on page 125, if PA is bis(H*-ted 
at K, and RC at L, prove that KQLD must b(‘. a ]>arallelogram. 

^ 11. The sum of the scpiares on the edges of any tetrahedron 
is four times the sum of the sipiares on the joins of the mid 
])oints of ojiposite edges. 

^ 12. Three straight 'lines AOB, POQ and XOY meet and bisect 
each other at O. ShowHhat the sum of the s((uares on the 
12 (!dges*of the octahedron (of which they are diagonals) is 
twidc the sum of the 8<piares on those diagonals. 

* 13. Prove that if a tetrahedron is cut by a plane parallel to 
two o])[)osit|j edges, the sectioil' must be a pajrallelogram. 

'’►14. VABC is :iny tetrahedron. The« edges yB and VC are 
bisected at X, Y and Z respectively. Prove that the radius 
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of the circumcijpcle of the triangle XYZ is equal to the radius 
of the circle wliicli passes ilyough the middle points of the 
sid(‘s of the triangle ABC. 

* 15. Give a geometrical construction for drawing a straight line 
equally inclined to three straight lines which meet in a j)oint, 
but are not in the same plane. 

* * 10. Referring to iflui figure on page prove that the^two 

planes PDB and CQS must trisect tlu‘ diagonal AR. 

* * 17. V is a vertex of any tetrah(‘dron VABC. K is the centre 

of gravity of the face ABC. Prove that 

VA2 + VB2 -h VC2 - 3y K2 f AK2 + BK2 i CK^. 

[IfiJ^T. If AK produced cuts BC in L, recollect that VL 
is a median of the triangle VBC.J 

* * 18, ABC* is a triangle. Q»is any point in space. G is the 

centre of gravity of the triangle. Pr^ve that 
AQ2 1 bQ 2 1- cft2 ,, ag 2 -j BG2 -1 CG2 } :igo2. 

[You should not(^ the mathematical identity of Questions 
17 and 18 ; and (after drawing the iigurc^) should omit 18 
if you have had no difficulty in 17. J 

♦ 19. ABCD is any tetrahedron and G is its cenlre of gravity. 
Prove that 

BC2 1 CD2 { DB^-I AB2 I AC2 1 AD2-. i(AG2 f BG^ | CG-hDG^}. 

’I' ^ 20. OX, OY and OZ are three straight lines mutually at right 
angles. They are taken as»a.\es from which to define the 
j)Osition of any point. Of* is a lim‘ in s^uce, sucli that 
/ XOP-tt, ^YOP -/i and Z.ZOP- 7 . Prove that 
COs2 a 1 cos2 I cos2 y 1 . 

[N.B. — These cosines ar<^ called the Direction f bsines ” 
of the line OP, a most vital idea in Analytical Solid Geo- 
metry. For the solution of thef problem you might con- 
sider OP as a diagonal of a iiectangular parallelepiped whose 
edges are along OX, OY and OZ.J 



CHAPTEJi XLI. 

LINES AND PLANES. 

At first the esse)iti<d things in this rhaptcr ure (1) the Inclination 
of 3 non-intersecting lines (not in the same plane), (2) the Inch 
nation of two planes (tnd (3) the Inclination of a line to atplane. 

It is suggested that you should eousider some exercises after reading 

§§ 1 to 5. 


§1. In Plane Geoirjetry wo liavo, already consulored the unglo 
between two intersecting straight linos tlnw are necesyuriiv’ 
in the same jdane) ; and we have also discussisd the (aise of parallel 
straight lines (again necessarily in the same ])laiie). Theiaj re- 
mains the case of the Inclination of two straight lines which do 
not meet, and ivhich yet are nof parallel (not being in tlui same 
])lane) ; such as the j)arapet of a btidge crossiiig over (and abov{‘) 
railway lines. We an^ ipiite familiar with the id(^a of the bridge 
b(Mng at right angles, for instance, to the track of the railway 
lines, understanding that, other straight lines (parallel to them 
and actually in the same plane^meet at right angles. As anotlier 
instance, if two. aeroplanes are travelling, one climbing up towards 
the Nortk and the other gliding doivn towards the North-East, 
the angle bfttween their courses may be considijred even though 
their paths do no^ cut. 

For the angle between two Iptes, which cannot meet, the essential 
thing is to yet their directions by lines (parallel to them) which 
436 
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nrf.Nfdhf do meet. It is the amjlc hetween their directions that is 
required. 



Thus, for iJiis two lines (wlietlier they eut or 

not), it is sntlieient to takf* any convenient point O, and to draw 
(t hron^h O) liyes parallel to eaeji (d the eiv(>n lines, and to eon- 
si(h'r tlu' angle between these parallels. 

'the inclination of t wo lilies, which are not in the sanie plane, is 
simply the ine.liTiation of two lines, parallel to them, which are 
in th(^ same plane. 

As a further illustration : 

A set sipiarc is introduced betaveen th(‘ lea v('s of a book, 0[)ening 
iP tlnr inelinatioiiiof PQ (a side of the set-S(jnare) to AB (a 



diagonal of the cover of the book) is to be considered [yi a practical 
case, it is not a bad plan t*) chalk AB], it is only necessary to 
imagine BK, parallel to PQ, and to consider fhe angle between 
BK and AB. 
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§ 2. As an Example of calculation consider following : 

For a cube, find the angle between one, of its diagonals and an 
edge which does not meet that diagonal. 

PC is the diagonal and AD the edge. 

[Now, since the dimilon of PS is the same as that of AD, all 
that iiecessary is to consider the angle between PC and PS.] 
[8o,work with the triajigle PSC. j 

Join SC. 



Jf the edg<‘S of the c\ibe are a, 

PS (an edge id fhe cube) ; 

SC (a fliagona! (d a facdof f he cube) ; 

and ._PSC is a right angle (for PS is ])erpei 4 r!iciilar to each of. thV' 
two liitcrsrding lioi’s SR and SD, at tln^ir point of intersection S, 
and is therefore perpendicular Vo the line SC, whic li passes through 
their intersection S and wdiich is in the plane that they 
determine).* * 

Hence Ian SPC - ^'2 or about MJcl2, and then trigonometrical 
tables give the angle, as about 5^ 11'. 

(Drawing to scale should give good nisults too.) 


* If the truth «)f thi.s i.s not a.«:.suiiio(l relerence should l)o made to 
l’ro)K!sitioii«V in Appendix II. o!i page 5V8. 
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§ 3. The Inclination of two Planes to each otlier is measured as 
follows : 

X and Y are the pianos. AB is their liiie of intersection. K is 
(iHf/ point on AB. t)raw KP in one plane and KQ in the other. 



cork pvrj)C}Klirul(tr lo AB. The an^le. betwiMUi the //nc-s* KP and 
KQ is*t}ic an^le between the pluvus X and Y. 

I It shbiild be noted that the same an^de«s obtained whatever 
point K, on AB, is chosen.^ 

Also the an}j(ie between two jilanos is oftmi iiu'asured by the 
angle between their normals. This is most im))orlant. 

N.B.- \ normal to ajilaiie is a straigfit limf perpcmdicular to 
the plam‘. (Knowing the direction of a normal to a plane, we 
Ifnovl, in a certain W(A% the direction of tli(‘ plane itsi'If.) 

By far the commonest case (in jitactice) is the consideratimi of 
th<‘ inclination of a ]»lane to the /wrizontal. (Iravitv has such an 
overwhelming effect on us that* upright ” ami “ horizontar’ 
oftt'n go witliout saying ; for pustance, il. is often understood that 
walls are upright, and the surface of a mill-pond is ])roverbially 
horizontal, and by the slope of a. roof is ('crtainly meant the angle 
between it and the horizontal plane. ^ 

In the previous figure, if the pljine Y is horizontal, PK is called 
the Line of greatest slope in the plane X. (You should note 
Question 11 on page 157 in this connection.) • 

Two planes meeting are said to form a dihedral angle. 
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§4. Many exfen.sions of id(*a..s gathered in Plane Georact-Ty 
follow. I 

The Projection of a point on a plane is 1 he foot of the perpen- 
dieiilar from tin*, poini to the jilane. In the Jigur{\ N is the pro- 
j('eiion of P on tin? plane X. 


P 



Planes are parallel if they can ]n»'Ver meel, (>.ven w-hen produced. 

A line is parallel to a plane nnd(‘r the same circinn.slances. 

Points in the sanu‘ ])laiie are said to he coplanar. 

§ 5. The Inclination of a line to a plan§ is meafair cd in tliis way : 

HK is the line jneeting tin* plane X at 
the point K. P is amj [unnt (.m HK. PN 
is perpendienl^r l.o X. KN is joined. 

The angle between the line HK atid tlu'V 
plane X is PKN. (Yon should note 
Question 12 on ])age loT in this connec- 
tion.) ^ 

It should b(‘ observed that Qie angle 
betW(!en the li^y and the plant is l.hi' 
complement of the angle betwe(‘n ^he line and a normal to the 
])lane. 

jThc ])roblein of constructing a jierpendicadar to a [dane, from 
a given external |)oint, is discussed in Projiosition 43 on page 14o.] 

N.B . — When a ray of light •falls o?i a surface, the angle of 
incidence is eqifcul to the angle of retlection. It is unlikely that 
w^e should consider the angle between the ray of light and a wrong 
line in the ptane, Init aiiy aTidnguity is avoid (;d if the angles of 
incidence and of rellection are nieusRred from the^nonnal (as is 
correct). The plane containjjig these two rayt# is necessarily 
perpendicular to the plane of the .nirface. 
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PBOPOSmON 41. 

§ 6. General Enunciation. Tf a plane cuts two parallel 
planes it yniist cat tftem in parallel lines. 

Particular Enunciation. Tlic pkuie P cuts tlu3 iiarallol 
pianos X and Y in tfic straiglit linos AB and KL. Td piovo 
AB and KL aro parallel^ 



Proof. The ]danos X and Y are parall(‘l (Ld\'^;n). 

/. linos in tlioni, sucl^as AB and KL. oannotrnicot. 

Now AB and KL Cftjtnof meet and are in the one sinfjle plane P ; 
AB and KL ani parallol. 

Q.E.D. 


§7. The two following fads are obvious, and rt) |troo{ is ifiviui 
of I, hem in this hook. Ih’opvsilions, sulistaiiiiatinu th(‘ir truth, 
are proved explicitly by Ikiclid (!h>ok XI. I‘roj)osi1ions 0 and 8), 
of course, on his assumptions. 

If two straight lines are perpendiculgr to the same plane they 
must be parallel. 

And tin* converse : 

If one line is perpendicular to a plane, then any other straight 
line, which is parallel to it, must also be perpendicular to the 
plane. 

[Vertical lines in a room, with tli^‘ horizontal floor as the pkne, 
afford very Ifamiliar examples. Kspecially note § 10 on page M4.] 
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PROPOSXTION 42. 

§8. General Enunciation. Straight line^ which are cut by 
paralM platm are cut froporiionally. 

4 

Particufar Enunciation. ABC and XViZ are the lines ; P, Q 
and R are tlie planes. To prove AB : BC --XY ; YZ. 



Construction. Join AZ cutting the j^lane Q at K. Joiti 
AX, BK, KY and CZ. 

Frool. ACZ is a triangle, nnd Inmce its three sides are in 
one plane. Ai^o the plane Q is parallel to tin* plane R. 
the lines BK and CZ are parallel. (Prop. 41.) 

Hence, in the A ACZ, AB : BC - AK : KZ. 

Similarly, in the AZAX, XY : YZ - AK : KZ ; 

/. AB^BC -XY:YZ. 


Q.E.D. 
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PROPQSmON 43. 

§9. General Enunciation. To draw a fcrfendimlar to 
given plane fronS a given external point. 

Particular Enunciation. X is tlie plane and P is tlie point. 
To construct a perpendicular from P to X. 

Construction. Draw ang line AB in the ^dane X. Draw 
PR perpendicular to the line AB. In the plane X draw the 
line RS perpendicular to AB. Draw PN perpendicular to the 
line RS. Then PN is the pdi-penditmlar required. 

(Also the straight line NL, parallel to AB, and through N, is 
nef^ded in Jbhe ])roof.) 



• Proof. The sti^i^ight line AB is, by construction, perpendi- 
cular to the two lines PR and RS, at their ])oint of intersection, 
and so is perpendicular to the plane PRS.* 

But NL is jWallel to AB ; 

NL is perpendicular to the plane PRS. 

Hence PN is perpendicular to two lines, namely RS and NL, 
at their point of intersection ; and RS and NL are both in 
the one plane X. • 

PN is perpendicular to the plane X.* 

Q.E.F. 

iV.B. -To draw a perpendicular to a |)l:ine from ;» given point 
in the plane, it is only necessary to draw a piiftillel to a per- 
pendicular t^) the plane. (fftjin ang e.xternal point). 

I • 

♦ If the* tv\tXh. of thw is not asaftiiied reforenee should he made to 
Proposition V in Append^ II. on page 57S. 
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§ 10. If a straight line is perpendicular to a plane it is perpen- 
dicular to every straight line in tint plane. Sonio consideration 
slioiild make i his clear. Tf you think of the junction of two walls 
of a room as the line, and of the lloor of the riom as the jdane, 
it is very obvious that fclu^ junction is jierpendicul.ar to any clialk 
line you n\iiy\ draw oii the door whicdi goes through the corner ; 
and tlum recollect that, if the lirn* on the flflor is aimg from tlie 
corner (and, when produced, perhaps does not go through it), for 
tlu'. inclination it is only necessary to draw a jiarallel to the same 
through the corner. Remember that tlie angle between two lines 
is sim[)ly the angle betwi'cn their dmctiouft. 

\ Since a plane can b(‘ determined in several ways, this important 
fact conceivably might be overlooked. j 


PROPOSITION 44v 

§11. General Enunciation. To draw a straighl line per- 
pendicAilar to eewh of two given straight lines {not in the same 
plane). 

Particular Enunciation, ab and CD artwtho two straight 
lines. Ik) dra^v a straight line, wliich is perijeiidicular to 
each of them. 



Construction. Take any point K on AB. Through K draw 
the straight line KL parallel to CD, 
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LINES .AND ^LANES. 

Let X be theiplane tbrough AB and KL. 

Take any point H on CD. * 

From H draw HN piTpendicnlar to t.lie plane X. (This is* 
done by the last ’proposition.) 

Through N draw NQ parallel to LK {necessarily in the*f)lane X) 
to meet AB in Q. 

From Q draw QP parallel to NH to meet CD at P. (This line 
will necessarily meet CD, for CD, HN and QN ar|^ in me plane.) 

Proof. The opposite sides of the c|uadri lateral PHNQ are 
parallel, by construction, tfnd HN (which is perpendicular to 
the plane X) is perpendicular to NQ (a line in tlu; plane X). 

iSo that PHNQ is a rectangle. 

Thus PQ is perpendicular to both AB pd CD. 

Tlenco PQ is the limi reipiircd. 

Q.E.P. 


iV./h -The emmoi^ perpend ienhir PQ is (he shoelest (hstnnee 
hejivccn (he Idles, 

For lake aid/ two points, one on each of the lini's. |K and H, 
in the preceding figure, will do \Lil, for they were any points on 
the two liiK's. ] 

Now HN, being perpendieul?i,r to iIk' jilaiie K, is shorter than 
any obliipie line {e.g. HK) the plane. IHK might be joined in 
imagination only, for it is not wanted in Proji. 44 . ! 

But HN-PQ. 

Hence PQ re|)rcscnts the shortest, distance between the lines. 
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§ 12. As an Example of calculation consider tliei following : 
ABCD is the floor of a room (AB^^tCD^ a and BC - DA~6), also 
,PQRS is the ceiling of the room, which is c high. Find the distance 
between the lines SB and DC. o 

|The essential thing is to get a plane through one line and 
parallel to the other line (and, for working yurposes, take those 
in the most convciiiient positions), then to work Avith the length 
of a perpcTidicular from j? [)oint in the lint* to 1 hat ]>lane (theoreti- 
cally any point, but in practi(;e the most convenient, for the per- 
pendiculars arc necessarily all ccpial).] 



Now AB meets SL an<Fis parallel to D(r, so (for convfmience) 
take SAB the plane and D the point. Draw DN perpendicular to 
the plane SAB. 

[DN Avill, necessarily, be in the triangle DSA, and work with 
that only.] 

DN X SAy - twice the area bf /'a DSA ^ D A x SD ; 

DN X V IP" I c“ = be * 


DN^ 


hr 


So that the distance between SB and DC is 
jbe 

Vb“+c^ 


N.B . — To find the Jictual line, a parallA to DC (from N) is needed. 
If thi^ meets SB at K, then th» actual lin(; is from parallel 
to ND. 
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EXAMPLES 41a (QALCULATIONS. SPECIAL GASES). 

0 1. A cake is cut, along 12 radii, into 12 equal slices. At» 
what angle arc th% plane faces of a slice inclined 1 

2. PA, QB, RC and SD are 1 ])arall(;l edges o[» a cube 
PQRSABCD, of which PQRS and ABCD are opposite faces. 
Sketch the cube. Wfiatis the inclination of tlie edges PQ arid BC '( 

3. A straight llight of stairs has a risi; 
and 10" tread. At what angle are its banisters • 
inclined to the horizontal A tea-tray slides 
down th(5 stairs ; at what angle is the plane of 
the tea-tray inclined to the horizontal 

4. A ladder, whose foot is 4 ft from a wall, 
jusl- rcjic.hes uj» to a window 20 ft. above the ground. At what 
inclination Is it to the. horizontal ]>]ane ? It is now turned against 
another wall G ft. from the foot of the hn^hu*. How high up will 
it reach, uTid what is it» inclination then '( 



5. Two points are taken, oii the iloor of a room, respiu.tively 
3 and 1 feet from a comer of the room and on the t.wo walls (whicl% 
meet at right angles at that corner). A third point is taken, 2 feet 
aliove th(! floor, on tluj junction of thoj^* two Vails. What is the 
inclination, to the floor, of the plane containing those three points ? 

* 6. A scall’oldinfj pole leans in the angle of two walls at right 
angles. The pole is 30 ft. long and its foot is 8 ft. from one wall 
and G ft. from the other wall. What is the inclination of the pole 
1o the ground ? * 


7. A walking-stick, ‘IG;}" long, is h'aning in jAi angle of a room 
against tin* jun<*tion of two, walls, whi(’h are at right angles. Its 
foot is IG" from one wall and 12" from the other. What is the 
inclination of the stick to the ground t ,\l,so, what is its inclina- 
tion to the vertical 

8 . A flat rectangular board AB(Jd 
(AB 20", BC -- IG") is placed on* a hori- 
zontal plane, and tln^ edge CD is raised 
until it is 13" above the plane, AB 
remaining in contact* with the plane. 

CE is the perpendicular j^om C on to 
the plain*. Calculate the distances AC, 

BE, AE, Jo the ni*arest tentli» of an inch, and find the angles 
which AC and BC make with the horizontal plane. 




GiilOMETRY 


418 

9. B and Q, in a horizontal plane, are the fe|‘t of two vertical 
poles AB, 14 ft. high, and PQ, 27 fl high, The positions of B and 
Q are giv^en in ( he atronipanying table : 



B I 5 ft. i 3 ft. 

Q 2(; ft.. : 23 ft. 

I 1 _ L _ 

What is tln^ inclination of tlic line AP ^ 

10. Tiie tignce shows a sipiare ABCD and an (apiihiteral triangle 
ABE on o)4posit(‘ sid<*s of a. < onnnon base AB. The diagonals BD 
and AC of t.he square cross at O. and the triangle 
DOC is cut away. Sn])po.se tluib the triangles 
AOD arul BOO are turned about AO and BO 
respectively, each through a right angh‘, thus 
bringing OD and OC together at right angles to 
the plane AOB, which is suppos«‘d horizontal. 

In this way the point.s'C and D will coincide at a 
position F situated vertically over the 'point 0. 

'I'Ikui sup[)ose that the triangh* ABE is turned 
about AB until AE and RE lie along AF and BF 
respt'i'tively. 1 hderiiiine by drawing and iiK'asnia*- 
ineiit the uunilierol degr«**es through wliiel'/ tin* triangle ABE must ^ 
be turned round AB. ^ 

^Demote tin* length of a side of the original square by a, dnd 
tiiid in tt‘rm.s of a an expression for the volume of the pyramid 
formed. 

11. .V room is 9 ft. liigh. An elect rie-light switch is I ft. above 
the floor. A wif.i goes from switch to bulb thus ; Vertically up 
to the junction of the-wall-oii-whicliAt-is with the ceiling, thence 
for 1 ft. along that, junction, now (at right angles) .m tlu^ ceiling 
for 0 ft. to a [joint from which it hangs for 3 ft. What is the 
inclination, to t-he, floor, of the direct line from switch to bulb 'i 

, o 

12. P and Q are points on two 
faces of a brick which meet along 
OX. Their ]»ositions are given by 
their coordiilates on the figure. 

Find the inclination (1) of the line 
PQ to the face XOY, and (2) of the 
same line to the line OX. 




2 
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13. A H(‘t/-f 3 qiiaro, willi angles ‘JO®, GO' and 90®, rt'sts (with its 
livpotoun.se on a horizontal ^hlo) against a ]nop, so that th(; 
piano of the .sei-s<|uare is ineliiied at an angle of -15® to the liori- 
zontal. At wliat angles do its other two edges .slope ? 

* 14. A picture frame is 2\" hy 20". It is standing oti (lie lloor 
in an artist 's stutlio and lea tiijig against a wall, so 'that its 
])lane is inclined at 7o® to the horizontal, hind ti^e inclyiation 
of its diagonals to' tin* liorizontal (1) when a 21" side is on the 
Hooi\ .and (2) when a. side is on thi; lloor. 

* • 

* 15. Tfie sloping front of .a. hiinaui is .‘J fi . long and IG in. wiije, 
(<>peu it forin.s a llaj» on which to write). When the l-nrcaii 
is shut, ( liis is inclined a.t^ In’ with the. horizontal. At what 
angle are its diagonals inclined to t he h(»rizon1al i 

4^,16. The lignre shows a. symnielrical glass skylight, with four 
v('rti(.an(‘ctangular paue.< t wo sloping triaiigular ])anes and 
t wo sloping pane.s of trapezium .sha.p('. ■» 

The dimen.sion.s are shown in the lignre. 

From A is drawn AC perpendicular 
to FJ, AD |)erpendicular to GF and AB f'* 

]»crtKUidicular to th(^ centre line HC. 

What isthelength.pfBC ^ (»fBD i * 

At wiiat angle aid the sloping [danc.s 
inclificd to the horizontal ? 

^ 17. A I'vra.inid (on a s(.piare horizon! al base wit h .side.s lO cni.) 
has il.s .sloping e<lge.s each l‘J cm. At what angles are (1) it.s 
sloping faces and (2) its slop’ing edges inclined to t he l)a.sf* f 

^ 18. A funnel, for guiding petrol ifito tda' Vaiik of a motor 
car, lias a rmuith in the shape of a. reetangh' (It)" by G.V'). 
After the 2" portion, the four .sides 
.slope down to a central sipjare 
(I" ea(di way) to which the nozzh^ 
is attached. The length.s of 'the 
jnnetion.s of consecutive. .slopAig [)lane.s 
are 1\". 

(1) At what angles are the plum's 
of the four sloping sides inclined to 
the rectangle ? 

(2) At* what angles *.ar(‘ the lint's 
formiuj,^ t/^c juiu-fion of thos<« planes 
inclined to the same rectangle ? 




ny 
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♦ 19. A post, OZ, is ]<ep1. vertical by two 
guy ropes, ZX and ZY, which arc inclined 
at 45® to the horizontal, and also a hori- 
zontal rope at Z. The horizontal lines, 

OX and OY, are at right angles. What is 
the inclination of the plane ZXY to the 
horizontal ? 

^ I 

♦ 20. A- BCDE represents a. wooden pyramid ofi a S({iiare base. 
Each edge of the pyramid is TJ cm., so, that (‘aeh of the tri- 
angular fac(‘s iueeting at the apex A is iin ocpiilaicral triangle 
of side 12 on. 

Iniagine points K, L, M, N taken 
along the edges running from such 
that AK and AL are each S cm., while 
AM and AN are each 4 cm. 11)' 
cutting away the top part of the 
pyramid, so that tl^e edge of the saw- 
passed through K, L, M, N, the scctioTi 
KLMN shown shaded v/ould be obtained. 

Find the lengths of t he sides of this 

section either by drawing the equilateral triangh's full size, or 
by caleu(ati(tn, piakiuf^ your metho<l clear; then give a full- 
size <lrawing of KLMN. How does the r.ymmetry of the ligure 
help you ? 



♦ 21. A j)yramid stands svnnmetrically on its base, wliich is a 
regular ])entagon of side 3 inches. The height of the |jyramid 
is 7 inches. Find t he length M one of the sh)].iing edges and 
the angle bot\j^een a sloping fa*e and the base. 


♦ 22. The sides of a triangle ABO (which is horizo?ital) arc 
o-21()()ft., /;-17(K)ft. and c-KXKHt. A plane bed of rock 
comes to the surface ifi the line BC. A shaft, sunk at A, 
strikes the bed of rock at a depth of 21)1 ft. What is the 

inclination of the bed oHrock to the horizontal ? 

« 

♦ 23. A line of, trenches runs due north and south, and an 
aviator to the cast of the line at a height of 1(X)() feet observes 
the angle of depression of the nearest, ])oint in the trenches 
to be 26°, when his engine fails to work. If he glides down 
at an angle of 1^° to the horizon a*iid requires t(^ land on the 
line of trencdies south of hig present ])osition, determine the 
direction of the point of the compass fo^ which he ftiust steer 
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(in degrees sout-Ji of west) and the. distance that his landing 
ydace is south of Jiis present p^^sition. 

[To the nearest degnW. is (piitc as accurate as would be 
possible in practice.] 

* 24. ABC is a board, in the shape of an isosceles triangle, in 
which CA^CB and z' ACB^«S0"\ It rests, in the corner of a 
room, with its sides CA and CB in contact with the walls of 
tlie rootn, and with its base AB on the floor of the room. ’ At 
wliat angle is the board sloped to the ih)or ? 

^ 25. A small troll is- wi!)rk gate, made with iron rod^!, (of the same 
|)a.tt(^rn as tlu^ fence in Question 33), is o(T its hinges. It is 
w\aiting for a coat of paint, and meanwhile is leaning uj) 
against a wall. It is irudined at 20' to the iralL At what 
angle are the iron rods inclined to the wall ? 

* 2G. .‘V straight, fence runs cast and west. All it-s posts lean 
towards the south-east, making an angh^ of 75 ’ with the 
(horizontal) ground. Many straigjit wires, com|)osing the 
fence, go from post to post. What- is the inclination to 
the ground of frhe jdanc containing those wires '{ 

* 27. In making a sock three knitting needles form a jilane, and 
are held so that two lu'edles an^ at right angles. I'he fourth 
needh; is inclined to one of these tw</*TieedVs at 15° and to 
the other at GO®. At What angle is this fourth needle inclined 
ty the plane, of th(^ three needles ? 

[Hint. Call the 2 needles at right angles OX and OY, and 
the fourth needle OP. Jf OZ i.l at right angles to both OX 
and OY, find the inclination of OP to OZ. Then, etc.] 

* 28, ABC is a horizontal triangle and AK is one ,of its medians. 
M is the middle point of AK. Shafts at A, B and C meet a 
certain plane bed of rock a^t- depths 200 ft., 380 ft. and 420 ft. 
re.spectively. At what depth, below M, is th(‘ bed of rock ? 

* 29. Shafts are sunk at A, B and C (the corners of a horizontal 

equilateral triangle wdiosc sides .are ^i50 ft.), and a bed of rock 
(whose surface is plane) is .strir*k at depths 000 ft., 700 ft. and 
800 ft. respectively. What is the inclination, of the bed of 
rock to the horizontal ? ^ 

* 30 . A pyramid is formed from a corner of a cub<j by a plane 
through the diagonals of the 3 faces wdu(di meet at that corner, 
taking the diagonals whudi do uo( pass thamgh that corner. 
It is thus a *pyrami(l on an equilateral triangle as base, tfnd 
with equal right-angled isosceles triangles as its side faces, 
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all the rif;ht angles being al the com inon^ vertex. At what 
angle are. the edgea inelinedcin the bast', and at what angle 
are those three faces iin'lined to t he base I 

^ 31. The stc[).s of a spiral stairciise are fl^. wi<](*, ii,nd they go 
r(njnd a <'entral eolunin of I f(. rlianieler. At tin' centre of 
eai'/i stej) the tread is IT'; in other positions, on the step, 
tlie trea<l is proj)«»H ional to tin* distance from the centre of 
tLe lentral column. 'I'he rise of eac If step is ()". hind tlie 
inclination of the stairs (I) at tin* centre' of ea,<‘Ii .step, (ti) on 
the I'xtreme' inside,’ and (d) on the ('xti^eme onlsidi'. 

* * 32. A booh is ojK'msl so that a Ib'^ angle of a set sepiare just 
tits in (tin* )»lam' of the set-sepiare b(‘ing |)('rp('ndicnlar to 
the leaves of the. book). Sn’ppose t hat i he set.-s((uare issue's 
from tlie page's of the' bemk at points A and B. ainl meets 
tin*, hinge line' at K. A angle of a ditferent sed-sepiaro 
is ne)W' put in tlie boeih inst^^'ael (tin' booh beii*.g e)pened the 
same, amount ^ as before*). Its plane is inclineHl to the 
plane of the l.b® set-sejuare. It^passe's through A and B, 
and me.'e.'ts the hinge; line at Q. If KA- KB t", how long 
is KQ ? ' 


♦ * 33. A trellis work feme, after tin* accompanying patt(*rn (in 
whie'h t he' .*lo})iiii- bars are* t 

inclined at OB' to the* 
heirizorital bars), is leaning 
against a ve'rtieal wall see 
t hat the plane ed t he* tpedlis 
weirk is ineline'd at 15" to 
t he* grouml. At what angljV 
are; the sleeping bars inclined 
to the grf)unel { 




* * 34. A perfectly Hat trowel (rather like a bricklayer’s trowel), 
* is pointed to IB®, anel has straight-edges. * It is too wide 
to go completely into the square hole ABCCf with sides 2". 
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lIo\vcv(T, it qs thrii.st in as far as it, will ^o, with KP and KR 
e(iual and going through 'A and C r(‘S[)<‘ctively. Then an 
attempt is made to reach down the D-(‘dge with it. How 
far down tlui D-edge will it reach ? 

^ ^ 35. A fisherman’s net is stretched so that all tlu^ nu'shes are 
s(|iiar(‘. It is out to dry, and a portion of it is nlane. The 
set ol strings pa;alh‘l 1o one side of tln^ square are iiiolined 
at 30'^ to the ground, while the ot Inu* s(‘t is incliiual at 15“ 
to the ground. .;\t what angle is tin, phine ificlined ( 

* * 36. A plane h«Ml ol rook strikes N.L. and S.W., and its dip 
is 30“ (tf)wards the N.W.). ;Th(‘. slnkr of a bed is the 

direction of a horizontal liiu' (ui the phnn* r)f tJu' bed. and 
the ihp of the bed is its inclination fiami the horizontal. | 

10,3 yards N. of a, point wlnu’c t he bed comes to t ln‘ 
surface' a shaft is sunk. At what depth will it meet the 
bed of rock ? 3’he surface' is horizontal. 


* * 37. A spiral staircase goes round a cir- 
( uliir column whose elia meter is 1 foot. 
Tin* width of <*a'.*h sl<*p is 3 bh*!. 
Therc^ ar(‘ 1(» steps in t,h(‘ complete 
circuit, 'i’he st(‘ps are each 7 inches 
high. On the inside of the stairs is 
hung a rope, round the coluinu, as a 
hand grip. On the outside of the 
stairs a handrail is incised, in the wall 
(.see figun*). What arc the respective 
inclinations of these two ? [It is to 
be a.ssumed that, the ro[)e is stretched 
tight, and not hung loos(*ly to form a 
doubtless more convenient grip. I 


* * 38. ABC is a triangh*, on horizontal ground, with BC 510 yds., 
CA 550 yds. and AB 200 yds. Shafts at A, B and C meet 
a plane' bed of rock, Ixdow the .surfaett, at depths 50 ft., 
()38 ft. and 1205 ft. respeetivHy. Show that the inclination 
of the bed of rock is 41° fto the nearest deerreeh 


Pl.in of spin'll .st.iircase. 



Vortical section showing^ 
handrail in wall. 
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EXAMPLES 41 b (CALCULATION^. GENERAL CASES). 


1. (.bnsidering the tigure on page IK), what is the distance 
between the following pairs of parallel lim;s, (J) PQ and DC, 
(2) SP^and CB, (3) SD and QB ? 

2. A rcvrtangular ])ara]lele])iped (r/ by b by r) is divided into 

2 e<|Ual portions by a ]i].ine, shaded in * ^ 
the diagram. The toj) line of that j';- 
plane is d fj;pin onf* end, while the *; 
bottom line of tluit plane is d from tiie I---; 
other end. What is the inclination of '%• 
th(‘ sliaded plane t , 

3. At what angle is the diagonal of a cube inclined (1) to thf‘ 

faces of a (aibe, and (2) to those edges of a ciila^ through whose 
junction it. passes '( * 



4. An eipdlateraVtriangular board, ABC, is ])laced in the 
of a room, so that its a.ngh‘s are of) t>li(‘ edges ^ 

OX, OY and OZ. XOY is the floor. OZ i.s . 
vertical. (OA^OB- OC neces.sarily.) At what 
angle is the board ABC inclined to the door I 
[Hint. To find thi^ angle {as a luatter of 
fact ONC), the lines ON and CN niu.st both he at 
right angles to AB. (’onsider a (vertical) plain* 
revolving round OZ until it is at right angles to 
AB. N is tlie jioint where this plane now cuts 
AB. AB is at right angles to the straight lines 
NO and NC (as it is at right/uigles to the ])lane NOC) 
OA-OB OC H\ rahadateON. Then, etc.J 



* 5. What is t he distance, betwahm tin* edge of a cube and a 
diagonal of the cube whicli never meets it 't The cube has 
edges fi. 

* 6. ABC is a triangle oh horizontal ground. Shafts at its three 
corners strike coal at deplbs //j, and respectively. If 
the coal is bi a phine bed and if a shaft is sunk at G, the centre 
of gravity of the triangle ABC, at w^hat depth, in that shaft, 
will eoal^ be struck ? 

* 7. ABCD is a parallelogram on l^orizontul ground. Shafts at 
the 3 corners Pi, B and C meet a bed of rock at dbpths /ij, and 

*h^ respectively. If the bi'd of n;ek is plane, at. wljat depth will 
a shaft at D meet it ? 
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8. A plate rents .^u a horizontal table. Its circular rim haa 
a diameter 27? and is /8.^abovothe ta])le. A vertical napkin 
ring (with diameter 2-r) is standing on the table, and is pressed 
against tlie rim of the plate. What is the maxinmm pene- 
tration of the rin/of the plate into the napkin ring in these 
circumstances ? - 

* 9. A room is (t, long, h wide and c high. PQRS is its ci'iling a^ul 
ABCD its floor (the '•letters corresponding). Tlie shortest 
distance [)ctwe(‘n the diagonal SB an<l llie side DC has been 
worked out on page *'M() (but you should consult, tlie figure 
on that page for the letters). F and G an^ points on SB and 
DC respectively, such that SF = ^SB and DO = J DC. Calculate 
the lengtli of FG. 

* * 10. The length, breadth and height of a room are a, h and c. 

Two straight strings are stretcdied, tli(.‘ former ]>eing a 
dfagonal of the room, and th(‘, latter being a diagonal of its 
floor (but not through the same corner nsjJie former string). 
What is the angle liet^wecn the two strings f 

* * 11. A room is a long, h wide and c high. One string is 

stretched tight as a diagonal of the room. Another string 
is along one of the long sides of tln^ floor. The strings do 
not nu'ct. [The strijigs are SB aud*DC ii* tl'ie figure on 
page UG]. If the shortest distance between the strings 
is along a line KL (K being on the former and L on the latter), 
how long is DL f 

* * IS. A pyramid VABC is on an *equilateral triangular base 

ABC of edge a. The other 3,(;dgeB are each of length /. 
PQRABC is the prism, on the same base ABC, an^ of the same 
height (P being vertically above A, Q above B and R above 
C). CValcuIate the length* of the perpendicular from the 
middle point of the line QR to the plane VBC. 

[Hint. If M is the middle point of the line QR and K is the 
middle point of the line BC work wi^i the rectangle PMKA.] 

* ^ 13. A box is a by h by c. Sho\’» that the suin of the squares 

of the cosines of the inclinations of one of its diagonals to 
its 3 faces is twice the sum of the squares of tlie. co^nes of 
the inclinations of thq same to its three edges. ^ 

* * 14. A door, a high and b wide, is ajar at an angle of W. At 

what angle ds a diagonal of the o])en door inclined to the 
other dia^on^ of th^ aama door,* when shut ? 

[Hint. A questioi^ resembling this, but with same 

F.G. III. B 
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instead of other, was proposed in Exan^ples 40 a 21. Keep 
tJie diagonal of the shut iloor u;ichanged, but then imagine 
the hinges on the opposite side and a phantom door ajar 
to the supplementary angle.] 

* * 15. A square piece of stiff paper CDEF (Fig. 1) is folded 
^ along the line AB, where A and B are the middle points of 
^ opposite sides. It is opened out 
till the two halves are inclined at ^ 
an angle B, and then placed on a 
desk which slopes at an angle a to ‘ 
the horizontal, in such a manner 
that the plane ABDC lies on the 
desk and the crease AB lies along 
a line of greatest slope of the desk 
(Fig. 2). Denoting a side of the Fiff-i 



square by x, express in tijrms of 
X, 6 and a the vertical heights of 
the points A and E above the 
point B. Hence find the sine <?f 
the angle which the line AE 
makes with the horizontal ))lane. 
Verify that AE is horizontal if 
sin 0-2 ttln a. ^ r- 



Fig.2 


* * 16. The coordinates of the point P are a, b, c. The co- 
ordinates of the point Q are /, <j,h. YOZ and ZOX aVe twil*^ " 
plane mirrors. A ray of light issues from P, and travels 
to Q after reflection in the two mirrors. What is the length 
of the })ath of the light'? 


* * 17. In tile previous exaniple, if all three (YOZ, ZOX and XOY) 
were plane mirrors, and if^ light went from P to Q, after 
successive refiection in all three, what is the length of the 


course ? 


^ 18. One is sitting in a bath near a corner of a 
room. The floor- plan ^is given. The surface of 
the water is at a height k above the floor. 
One’s eyes are vertically over E, whose x and y 
coordinates are p and q, and at a height r above 
the^vater. An electric light is Vertically above 
L, whose X and y coordiryites are a and b. 
There ar4 vertical mirrors hanging on the^ walls 
OX and OY, in such j/Ositions that one see.s, j^t a 
point on the water surface, distant horizontally 
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/ from E, thft reflection of the light, reflected from the 
mirrors and the watej^ Wlat is the height of the electric 
light above the floor ? 


EXAMPLES 41 c (RIDERS). 

0 1. What is the locufc in space of a point at a const ant distance 
from a fixed straight lin^ ? 

0 2. What is the lochs in space of a point equidistant from 
two given points ? 

0 3. What is the locus of points equidistant from two given 
planes ? 

0 4. What is the locus of points equidistant from three given 
planes 4 

0 5, How many points are there which a^B equidistant from 
four given planes ? 

0 6. Through a given [)oint to draw a plane parallel to a given 
plane. What is the construction for this problem ? 

0 7. How is a straight line drawn, thre^gh a gi\^n point in 
spijee, to intersect two givSn straight lines (whicli are not in the 
^me plane) ? 

0 3 . From a given point, perjiendiculars are drawn to a plane, 
which passes through a given straigfit line. What is the locus 
of the feet of the perpendiculars ? 

0 9. What is the locus of a point equidistant froj^ three given 
concurrent lines not in a plane 

10. The sum of the distances of two points from a plane is 
twice the distance of their mid point from the plane. 

11. Show that the angle between 2 planes is the greatest angle 
between two lines in them, which i^jsuc from any point in their 
common section. 

12. Show that the angle between a line and a plane is least 
angle that the lino makes \yith any line in the plane tl^ough the 
intersection. 

13. If the ed^es, which raeer at the vertex ofa pyramid, arg 
of dijSerent lengtl^s, the lotigest^f theSe makes the smallest angle 
with the base. 
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14. Find a point in a given plane aucl^that the sum of its 
distances from two given points (not^ in the plane but on the same 
side of it) may be a minimum. 

15. P is any point on the circumference of a given circle, and 

0 ie^ a lixed })oint outside the plane of the circle. OP is cut in a 
given ratio at (J. Prove that, for different positions of P, the 
lo^us of Q is a circle. ^ 

16. If PQ and |XY arc two parallel straight lines, then the 
intersectioif of any two planes, through PQ and XY respectively, 
is parallel to both PQ and XY. 

17. From a given point P, outside a plane X, a perpendicular 

PN is drawn to the plane X; and another perpendicular PR is^ 
drawn to any line AB in the plane X ; prove tliat NR is perpen- 
dicular to AB. ^ , 

18. If a straigH line is parallel to a plane, show that any plane 
passing through the given straight dine will intersect the given 
plane in a line of section which is parallel to the given line. 

19. Equal straight lines arc drawn to meet a plane X, from 
a point P,' outside i* . Prove that the equal straight lines are 
equally inclined to the plane X. ♦ 

[Hint. From P draw PN perpendicular to the plane X.] 

20. Through a given point a number of lines are drawn making 
a given angle with a given plane. What kind of surfac'.e do such 
lines form 'I Draw sketched showing the general appcnirancc of 
the surface, nvhen the given {joint is on the plane, and when it is 
not on the plane. In the latter case indicate and state the nature 
of the loctis of the intersections of the lines with the plane. 

♦ 21. The locus of a point, the difference of the squares of whose 
distances from two^ given points is constant, is a plane. 

^ 22. If a point be equiAstant from the vertices of a right- 
angled triangle, its join to the mid point of the hypotenuse is 
peifpendicular to the plane of the triangle. 

* 23. If S is the centre of the^ circle circumscribed about the 
triangle ABC, and if SP is drawn perpendicular to the plane 
of the triangle, show that any poin,t in SP'is e^quidistant from 
the vertices of the triangle. 
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* 24. A, B and C points on tin; lines OX, OY and OZ, which 
arc nmtually at right ^inglcA OA-=r/, OB -=h and OC = c. 
Prove that the area of the triangle ABC is \/b'^c^ \-chi^ \ a^h^. 

[Hint. Let a ^ilane revolve about 02 until it is at right 
angles to BA. la*t it cut BA at K. Calculate OK in the triangle 
OBA, and tlien BK. Now Inid CK in tlic triangle CBK, eA*..] 
N.B. If AJs the area of the triangle ABC opposite tewO, 
etc. ; you should notSje. thal- this is erpiivalent to 

A)* ■" ^ ‘ 

This is an (extension of Lythagoras’ Th(*orem. 

* 25. ABC is aiiy triangle and G is its couIk; of gravity. V is 
ajiy point in space. l‘rove that VA + VB j VO>r)VG. 

[Hint. Bisect BC at K. Prove VB j VC : 2VK 
by <ioinpleting a parallelogran^, two of wJjosc sid('s are VB and 
VC. Now ciraw the VKGA section, fiecollect that KG is |KA. 
Prove VA t 2VK.>3VG.] 

^ * 26. Draw two ()arallel [)lanes, oni; through each of two 
stniiglit lines, which do not intersect and are not parallel. 

[lli.vr. First draw the straight lim,! wluch is perpen- 
dicular t(» eacth of thg given straight Untis. | 

* * 27. An acute-angled Iriangh; ABC is supposed to be cutjout 

t)f |)apcr and <livided into four triangles by joining up D, E, F, 
tlie iuiddle points of tlie. side^ BC, CA, AB, re8})eetively. 
The triangle AEF is gradually folded ovei' about the side 
EF. Frove that the projection of its vortex A on the plane 
of tin; triangle DEF moves aloflg a straight line^^erpendicular 
to EF, If now the triangles BFD and CDE ar(‘. similarly 
f(4lded about FD and DE till tlic three ca.n be joined together 
so as to make a triangular pyriuuid or tetrahedron, show 
how to lind Idic projection of the vertex on the base DEF. 

8up}4oaii)g the sides of the trian|»Ie. ABC to be 5, 6 and 
7 inches long respectively, di»aw a ligure of the triangles 
before folding, and on it construct tfie proj^xition of the 
pyramid on the base DEF. Determine the altitude of the 
pyramid. 

* 28. ABC is any triangle. A^BiCi and A 2 B 2 C 2 are two distinct, 

(piite genepai, positions of the same in spafi'. (N.B. The 
planes A^B^C?! and Ajip.^? «annot»be parallel, for the position^ 
are quite general.) 1^ is necessary to transfer the triangle 
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ABC from position 1 to position 2 hy lotion about a single 
certain 'point. How is tke corpct position of that point to 
be determined ? 

What would be the difficulty if the planes and 

AgBgCg were parallel ? • 

What happens, in the special case, if BiBgCgCj were a 
reotangle, even though the planes AiB^Ci and AgBgCg were 
not parallel ? 

^ * 29. What is the locus of the middle point of a straight line 
of coi^stant length whose extremifies lie one on each of two 
non-intersecting straight lines, having directions at right 
angles to one another 'I 

^ ^ 30. If AB, BC, CD are straight lines not all in one plane, show, 
that a plane which passes through the middle point of each 
one of them is parallel b()th to AC and BD. 

* 31. The middle points of the six edges of a cube, which do 

not meet a particuilar diagonal, all lie in a idane perpen- 
dicular to that diagonal. 

* * 32. Two right-angled triangles BAC, ABD (A and B being 

respectively thp right angles), are situated in planes perpen- 
dicular to each other : show th(f.t the join of the mid points 
of AB and CD is perpendicular to AB. 

[It may help you to draw the 2 As correctly ompa^ffr* 
with a common side AB, to cut out the quadrilateral ACBD 
and then to bend it across AB at right angles, and to use 
the model] 

^ ^ 33. A tetrahedron has six dihedral angles. Prove that the 
planes which bisect those j?ngle8 must pass through a point. 
What is that point called ? 



CTJAPTER XLII. 

GRADIENTS. 

§ 1. For railway lines arc the gradients, as given by the boards 
at the sides of the line, to be reckoned as 1 in . . . horizontal or 
1 in . . .nilong ths slope ? In Trigojionietry 
we should say, “ Is it a question of tan- 
gents or sines ? ” 

" Consider the gradient 1 in 37, which is 
the steepest which occurs in any long run * 

(in two miles) in Great Britain. In the 
first place the 37 is “ rounded off,” and, in extreme cases, can be 
jB^vthing between 36J and 37J. This makes a possible difference 
in vertical height of nearly 8 feet in those two miles. In the second 
place the difference, as to whether tangents or sines ar(j meant, 
is about IJ mches. Thus, for the 8t<ie])est railway gradients, the 
question of “ rounding off ” far outweighs the questif)n of “ hori- 
zontal ” or “ along the slope and so it does not matter, in 
practice, for these hoards. If distances are measured on the 
ground (and therefore, necessarily, along the slope) sines are 
correct ; but if distances are measured on^the construction plans, 
they would be horizontal, and tangents arc right. 

It is necessary that no false impression should be obtained from 
the above. What is good enough for the boards at the sides of 
the lines is not good enough for the railway dynamics ^ in them 
gradients are invariably measujed by sines. 

* Steeper gradignts^for lengths occui^ but they are not coniinun, and 
arc “rushed,” 



m 
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§ 2. For tlift gradient of 1 in 5 (a mnj severe lull for roads) the 
angles are 11° 19' ( -) and 11^ 32' ^ }-), aiuf even then there is a 
trivial difference betw(ien tangents and sines, 'rhis is entirelv 
disregarding the fact that the 5 itself ^in prac-tice) is often 
“ ronnded off/’ and a far great<‘r variation is ])erhaps already 
swallowe/^J. 

Vor lar(f(‘ amfirsy if mnsf. alirai/s hr t perlfically stated irfirther 
Imizimtal " or “ (tjo)t(f Ihr sJnpr. " is mrant. 

y I 

I ill 4 (h»>iiz<)iil;in : t.in - j, I in 4 {.ilonu;- t In- sldpc) ; sin0-,}, 
wlii.'ni.'c (from tiiliU's) uImmiI 11*. wlieiici* (from l.ililrs) 0. -ihoiil IIT. 
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EXAMPLES 42 (CALCULATIONS. SPECIAL CASES). 

1. The steepest slope of a uniform hillside is 1 in 2 (I vertical, 
2 horizontal). palf!i, inclined to thf* lim' of greatest slope, is to 
be made up it, at a gradient 1 in 7. 'Find the inclination of the 
path to the line, of greatest slope. 

2. A hill surface may be^assunied to be a ])lane with a uniform 
slope of 25° to the horizontal. You climb the hill by following 
a path, the centre line of whi<di makes an angle of 20° with the line 
of greatest sli'pe of the hill surface. Find how many feet you rise 
vertically when you have walked lOfM) feet oJong the path. 

3. The figure rejire.sents the side of a hill, 
which has a uniform slope upwards from AB to 
CD of 18 degrees to ^he horizontal. Starting 
from a point a at the foot vif the hill, a zigzag 
path a, by c, d, (\ fyg is con.structed up the hill in 
the matuner shown in the figure ; the finishing 
point g is 6(X) ft. higher in level thaT\ the start- 
ing point a, and ag is a line of greatest slope of 
the hill. Find ,the length of the zigzag path n, 
f‘y d, Cy fy //, au d tliB gradiei^t of the path. 
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* 4. A uniform liilkide slopes at |i f^radieut of 1 in 3 (1 vertical, 
3 horizontal). What is ttiis angle to the nearest half degree ? 
if a path is made up the hillside, zig-zagging, each lap being 
inclined to the lin^ of greatest slope at an angle of 67^’, what 
is the gradient of the path ? 

• 

* 5. Idle gradient of a path i.s the ratio of tlie height gained to 
thh horizontal distagee traversed in gaining that heig^it. 
JVick off the iigure, and lind the 

gradient of eaeJi portion of the path 
shown in the figure ; the dotted line is 
liorizontal. 

Mcvisure also the angle which each jiortion of the patli makes 
with the horizontal. 

The slo[)(‘. of a path is sometimes taken to mean the gradient 
as (letined above, and sometimes the ratio of the Indgiit gained 
to tfu^ (listaifc'e traversed ulonifthv dope in gaining that height. 
Find lor each [lortion the slope in this .se^jond meaning and 
compare witli the gradic^gt. 

*6. When a man walks along a sloping ])ath, tJie distance he 
travei'.ses horizontally is h'ss than the (lisLance on the slant. 
The. slu[)(^ of a path is often staled as 1 in AV’ tjie N t)eing 
measured sometimes aiong the slant ^nd sometimes hori- 
•zontally. On each nu^tTioil of taking N draw a. slofie of 1 in 2 

^ ami ^ 11 ^‘ftsure the angle of slope. 

For a slope of 1 in 10 see if you can distinguish by drawing 
between tlic angles of slope as gi^en by the two methods of 
taking N. 

Of two roads, one sloping at^ iui3 and the other l^in^^SO, 
which is steeper 'i Show tliem on squared paper witdi suffi- 
cient accuracy to justify youjr answ'er. 

* 7. Cut a sheet of paper into some such 
shape .as ACDE (Fig. 1). Then fold AB at 
right angles to BC, and place the paj^^er 
Ixifore you on the desk or table (sup- 
posed horizontal) with AB, BC on the 
desk (Fig. 2). 

Imagine now that AED (Fig. 2) repre- 
sents a path on a hill-side, the slope AE 
having a vertic.al rise of Wt. for every 
5 ft. horizontal and ED a slope in which 
there is a rise of 1 ftt in dVery f2. If 
AB is a mile and BC th]:fee-quarterB of a 



Fig. a. 
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mile, find how many feet E is higher th^n A, and D than E ; 
also calculate the length of* AC. / 

If D were 1500 ft. higher than A and AC the same length as 
before, what would be the average rise^in passing direct from 
A to D ? Give the result in the form 1 ft. vertical to x ft. 
horizontal. 



These are 


(1) Regular Tetrahedron : 

4 faces — Equilateral triangles. 

(2) Cube: 

6 faces — Squares. 

(3) Regular Octahedron : 

8 faces — E<juilatcral Triangles. 

(4) Regular Dodecahedron : 

faces — Regnlllr Pentagons. 

(5) Regular Icosahedron : 

20 faces—Eqftilateral Triangles. 
465 
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These regular soli(ls are known as the “ l^atonic solids,” for 
they were extensively studied % the/ Platonists * Plato (about 
400 B.o.) was a pupil and friend of Socrates, and sought in Arith- 
metic and Geometry a key to the Univcrs#'. When cpiestioned 
about the occupation of the Deity, Plato answered, “ lie geo- 
metriaes wntinually.” lie put a great value on the study of 
maftiematics as a nec-essity for highcif speculation ; and the 
inscription over Lis ^orch, “ Let no one who is unacquainted with 
geometry enfc?r here,” shows the irni)ortance he attached to tlie 
subject. 

If a solid is regular, or not, it is often called a Polyhedron. 

§ 2. Proof that only 5 regular, polyhedra are possible. * 

Now the size of ouch exterior angle of a regular a-agon is • 

So for 3, 4, 5, G, ... (4.c. 8id(‘s the angle.s are 120°, 90°, 72°, 00°, ... 
etc., decreasing. 

the inferior angje.s (the supplements) are GO°, 90°, 108° 
120°, ... etc., increasing. 

All the j)lane angles, at a corner of any polyhedron, inujt ncPii 
“ fill up ” the j)oint, and so must total less than 8G0°. 

Now' Three time.s G0° is less than 3G0° (regular tetrahedron) ; 

Tlir^e times 90° •„ ,, (cube) ; 

Three times 108° ,, , „ (regular dodeca- 

hedron) ; 

Four times 60° „ „ (regular octahedron) ; 

Five times 60'^ „ „ (regular icosahedron). 

So that these«5 regular polyhedra are possible, and no others, for 
the next (and all others) to be considered would make all the plane 
angles at % point not less than 360°. ' 


Much of thi.s not<^ is frojn Jfi.sfwy of Mathemadics, by Cajori. 
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§ 3. On a stiff pijce of paper you can draw the accompanying 
figure, of 4 equilateral t|iangl<?s, with flanges on 3 edges. 



You can cut it out, bend across the edges of the 4 equilateral 
triangles, gum the flanges, bring the points V together, and so 
make good ^model of a regular tetrahedron. It is no more 
difficult to devise a figure, composed of G squares, to make a 
model of a cube. The /egular octahedron model does not 
require much ingenuity. The regular dodecahedron and 
icosahedron models require considerable care. Of course, it is 
possible to construct models, other tlian those of r<igular solids, 
oq this principle. Models }f the cells of bees afforfl good examples, 
while the forms of crystals give great varieties. 

It might be well to note that the models which served for the 
photograph on page 4G5 were mifde in this way. Of course 
their edges were accentuated in th^ photograph. 


§ 4. The Rhombic Dodecahedron is inter(!sting? Though all 
its twelve faces are identically equal rhombi, they are not 
regular figures ^ and so this polyhedron is not claAed as one 
of the five. .Each face is« rhombus of a special kind. It is 
called a semi-fegular solid. , It is^ common form in crystallo- 
graphy. 
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There are many ways in which this soli^ may be conceived. 
Two ways are treated here,*(l) a /building-up plan and (2) a 
cutting-down plan. 


(1) Building-up a Rhombic 
* Dodecahedron. 

Instruction for making a model by 
carpentry^ follow^. Obtain a piece • 
of wood, a prism in shape, with a 
square cross-section. The length 
should be well over 4 times the side 
of the square (extra length to allow 
for wastage owing to saw-cqts and, 
especially, for a vice to grip on to). 
Point the end fo a square pyramjd 
with height, centrally, exactly half 
the side of the square. Cut olf the 
square pj^rarnid. Point the remain 
der of the Wood similarly, and cijfc 
ofi, in succession, the square pyramids 
(six in all). Then cut off the cube. 

Now glue a pyramid on to each of 
the six faces of the ciibe^ and the 
model is n^^de. ♦ 

[Notice that the six pyramids can 
be fitted (points inwards) to form 
one cube. This gives the fact that 
the volume of a rhombic dodeca- 
hedron is twice that oi^this cube. 
Clearly tl^is experiment should be 
made before any gluing is done.] 

The appearance of the model cm 
be improved by filling up imperfec- 
tions with piitty, and then giving all 
a coat of paint. 




On each of the 6 faoeg of the 
cube onei'jf these Hquare pyra- 
mids (height half of edge of 
base) la'fastened. Only 3 are 
shown in thfl figure. ] j 
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The figure shows a rhombic dodecahedron built up on this 
plan. The oufline of vi^Mblc parts of the original cube is 
accentuated. 



The important tiling; in the proof is that the (piadrilaterals 
(such as DXCY) arc plane and not skew. 

(2) Cutting down a prism to leave a rhombic dodecahedron. 

This solid may be Sbtaiiied as follows. | fn making a model 
l^y carpentry, it only involves 8 cuts ; and the fewness com- 
mends the plan.] First a prism, 
of square section, sy'2 by n by s 
is obtained. [Note .s y'2 is equal 
to the diagonal of the square 
end.] Secondly, P, Q, R g-nd S 
(S is not shown in the figure) are 
the mid points of the long edges. 

Thirdly, AB, CD, ... etc. (4 in all, 
though only 2 arc shown in tite 
figure) are central lines on the 4 large faces? each equal to 
is\/2. Fourthly X and Y (the latter is not shown in the 
figure) are the mid points of the square ends. •That PAQB 
and QCRD, arc rhombi is obvious. Now^ you must prove 
QDXB planef and this is niost easily done by proving QB and 
DX parallel ; it is sim^e to prove them equal. 
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[111 carpentry the 4 rhombi on the large faces are left intact. 
8 saw-cuts are made, the pl^ne Ql^XB is one, the other 7 are 
precisely similar.] 

To prove the rhombi equal, prove thatttheir long and short 
diagonals are equal. What are QX and BD in terms of .v ? 

The ijgure is from a jihotograph. 3 of the 8 cuts have been 
iTiade. The ])ieces A, B and C are cut f^om the [larent block X. 
The (?dges liave been accentuatiuJi. 



Also a mathematical drawing of the final solid is given*, hui 
in nearly all (xdcHlations,<con)iect(d ivilh the solid, go back to 
the original. 


Original. Fina), 



Prism s by j by 5 marked read; Rnomhic dodeclhedroii. 


for cutting. 
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^ ^ § 5. Since 3 i^nd only 3) of the regular polygons in plane 
geometry can {by tlu\niselves) be used as tiles of the same 
size and pattern to “ fill up ” areas, [though detiiiite mixt ures 
are possible, i*r/. an cipial number of s(piar(‘s and regular 
octagons, and the more elaborate pattern illustrated in 
Volume 1. on page 196], one, very naturally, inquires which 
of iJie regular poljfhcdra in solid geometry will {by themselves) 
fill up space. 

Of the tive regular [lolyliedra, only 1, tlnr eulie, can be so 
us(‘d (l>y itself). It fills up space in layers, and it is easy 
lo imagim* all s|)a.ce occupied by eipial cubes, like iiricks 
ill a wall ; there would be no gaps nor overla jipirig. It 
is not (‘worthy that the property of Idling up space {by 
i}u'mseh*(\s) belongs also *to Khomlhc l)odeeah(‘dra ; for 
if equal cireh's, in a plain*, ar^* alio win! to arrange them- 
selves naturally wirti the minimum wast(' jf .S[)ace, each 
circle has six neighbours : if th(*y are ])ui under pivssurc, 
and llattened against t‘ae.h otln*!’, tluw become regular 
hexagons. Tin* corri'sponding thing, foi;3 dlnninsions, is 
t hat equal spheres liavc twelve neighbours ('ach and would 
be squashed into llhombic Dodecuhedra. A mixture is 
possible, and if a regular tctrahi'dron is stuck on to each 
of two opposite faces of a regular octahedron, all of the 
same length edge, one par^lelejiipexl is formed (all the 6 
faces are equal rhombi with angles 60^ aiiTl 120°). Now 
space can be filled up wkh congruent jiarallelepipeds, hence 
space can be filled up with regular tetrahedra and regular 
octahedra in the ratio of 2 : 1 in number. 


EXAMPLES 43 (MOSTLY GENERAL CASES). 

» 

01. How many (1) faces, (2) vertices and (3) edges has a 
cube ? 

0 2. How, m^y (l)»facesf (2) \^rtices, and (3) edges has a 
regular tetrahedron ? 
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0 3. 3 equal matches are laid on the table to form an equi- 
lateral triangle. 3 more equal tmatcbes are given 
with the instruction, “AVith all G ifiatches form 
4 equilateral triangles, at the same time, all (Mjual 
to the original.” flow is it to be done ? * 




0 4. 10 equal iiiatchos are arranged to form 3 equal squares. 
2 equal matches are to be added, to make in all G perfect squares 
exactly like these in size. How is it to be done '( 

0 5. How many (1) faces, (2) viirtices, and (3) edges has a 
regular octahedron ? 

O 6. If the Ien^|th of an edge of a <‘ube is a, how long is its 
diagonal i (live tin*, result in a surd ^irm. 

0 7. How many degrees are there, iji tlu^ aiigles of a regular 
pcTitagori ? ^JSIotiee that 3 of iliese angles are in all less than 
360"". How maif^y rc'grdar pentagons aire needed to form a regular 
solid ? How many fa(;es, vertices and edges has it i What'is 
its name ? 

O 8. Two skeleton eqnihif'ceral pyramids, on square bases, are 
made of equal matclies. How manyTnatches in all make the two 
separate pyramids, and how nSp-ny of these can be dispensed with 
if the pyramids are joined into one regular ocfcehedron ? 

N.B . — You might (consult the figure on the opposit(5 page. 



O 9. 50 matches are arranged (in 2 batches of 25 each) to 
form 20 (10 4 10) eciuilateral triangles. 

Tliese two balchos can be bent and lifted to represent a skeleton 
icosahedron. How many matches^can be abstracted ? 

* O 10. What is tlie inclination *to eaqh othef of, two opposite 
edges of a regular tetrahedron ? 
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11. Find the lejigth of a diagonal of a regular ootalietlron in 
terms of an edge a. 

12. The mid points of 8 edges («/>/ 
all 12) of a regular octaliedron are 
joined up (as indicated), an<l form a 
rectangular prism. 1:^ the edges of 
the oetali(*droii are a, what are the 
edges of tlie ]iri.sm ? 


13. Show that- the joins of the centres of the fac(.*s of a regular 
octahedron form a culie. If an edge of the odjihedron is o, what 
is tlie edge of the culie ? 

\N!Li. -Tli« “ c.entre ” of a trkingle is in general vague, liowcver 
theni is no cjuostioii as to the meaning if tlif‘ triaiigh* is e^pulateral. ] 

14. Show that the joi^.s of the cfuitres of tlie faces of a cube 

form the edges of a regular ofdahedron. If an (‘flge of tlie cube 
is 0 , what is the edge of tin* regular octaliedron '( * 

15. V oil are givim a right foiir-sid(‘d pyramid, on a square 
base, all of whose edges Are eipial to b cin. Di^iw a figure whieh 
when cut and foldi'd in t*li(^ correct way would exiudiy cover the 
pyramid. The figure is a. kind of star. Join t he four points of 
the star, and [irove that you now get a square. Hene(‘ state how 
you would cut out from a s<piare of side 21) cm. a figure that would 
fold up to a similarly .slia|)od pyjamii! ; and lliid the length of 
each side of this new pyramid, iftit is as great asjiossible. 

♦ 16. Prove that the shortest distance between two opposite 
edges of a regular tctrahd'drou is equal to half the diagonal 
of the square on an edge. 

♦ 17. VABC is a regular tetrahedron. M is the. mid point of the 
edge VA, and K is the mid point ofAthe edge BO. If a is the 
length of the edge of the t etrah^dron, what is the length of KM ? 

^ 18. Two opposite corners of a regular octaliedrbn are P and Q. 
A, B, C and D are the corners of the same, forming a square in. 
between them. Whatls the inclination of the edgei^AP and QD ? 

[Hint. Recollect, for^ the inclination of two non-inter- 
secting line§, that for one of those lines you*should work with 
a line thrfiu^i one and pamllel tiflhe other. Now the edge 
is parallel to AP, so coAsider the inclination of QC to QD.] 
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* 19. How far is it from one of tlie corners of a regular tetra- 
hedron (whose edges are a) toHhe Cyi. of tlfe tetrahedron ? 

* 80. PQRSWXYZ and VABC are a cube and regular tetrahedron, 
both with unit edge. O is the centre tof the cube. The 
opposite edges VA and BC are bisected at K and M respectively. 
KM is joined. 

•{a) (1) Draw the section PRYW, inc^jiding its two lines PY 
and WR, which meet at O. On the sides of the aROY write 

their surd values. • 

* * 

(2) Draw the section VMA. On the sides of the aVMA 
write their surd values. 

Notice tliat the anghi between diagonals of a caibe must be 
equal to the (dihedral) angle between faca's of a r<.*gular tetra- 
nedron. 

(1) (1) Draw the section PRYW, again, and the one lin^ YP, 
and on the sides of the .\PWY write their surd values. 

(2) Draw the section KM A, and oi^tlu; sides of that triangle 
write their surd values. 

Notice that the diagonal of a cube is inclined to a face of 
the cube at the same angle as the line joining the mid-points 
of oppositT^ edges of *1 regular tetrah(^dron is in(‘lined to a face 
of that solid. 

* 21. The centn's of the fa(;cs of a n'gular tetrahedron are joined 
to form a second regular tetrahedron. The centres of the faces 
of this second are joined to form a third, and so on ad infinitum. 
If V is the volurm^ of the original solid, what is the sum of the 
volumes of ^11 the solids fonfted ? 

* 88. VABC is a regular tetrahedron with edges a. AC and AB 
are bisected at L and M. What is the area of the triangle 
VLM ? 


■ 83. In the figure ABCD is a regular tetrahedron, each edge 
of which measures 12 cirf The shaded 
triangle represents a section through C, 

E, F. If AE = 4 cm.jjdetermine the length 
of AF that will make^the^angle'FEC"» right 
angle. 

Note . — Renumber that the aifgles EAF, 

•EAC and FAC are each and express 
CE2, EF2, FC2 in terms of AC, AE, Af. 
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* 24. The mid points of all the six edges of a regular tetra- 
hedron are mailed, an<l a Iiltl(3 tetraliedron (with edges half 
those of the original soHd) is cut off eacdi of tin; four corners. 
A regular oc.tahedron must be left. 

{(i) What are the comparative volumes of similar solids, in 
which the dimensions of one are twice those of the othvr ? 


(6) What are the comparative volumes of a rcf^ular octa- 
hedron and regular "ifitraluHlron wit h the * 

same edge ? 

(c) Show that the angles between 
adjacent faces of regular octahedra and 
regular tetraliedra arc 3U))j demen tary. 

[N. h. A (jleomet rical Proof of t his 
important fact is required in Question 30. 

A trigonometrical juoof is to be given 

luTw.] 

(d) Calculate the area of an e<iiii- 
lateral triangle of side^r/.. 

(c) ('alciilate the height of a regular tetrahedron of edge a. 

(/) How far apart are the opj)ositc‘ fae(‘H of a regular octa- 
hedron ‘i 



^ 25. I Consult the lowot figure on page 468 for the following.] 

^ (a) An edge of the (Uibe ABCDPQRS is a ; what is the volume 
of one of tin* scpuire pyramids ? 

((>) What is the volume of • the rhombic dodecahedron 
comjjared to tin* cube f 

(c) At what angh; are the^*triangular faces of the square 
pyramids inclined to their sciuare faces i * 

(d) What are the lengtlj^ of a short and of a long diagonal 
of a rhombus ? 

{e) What is the size of an acute angh; and of an obtuse angle 
of one of the rhorabi 1 

(/) What is the angle between tw^ adjacent faces ? 

{g) At one of the corners atVhich 3 rhombi meet, what is 
the angle between the short diagonal of oncf and that of a 
neighbour ? 

(fi) At one of the ctorners at which 4 rhorabi n^eet, what is 
(1) the angle between the long diagonals of adjacent rhombi 
and (2) tl«j angle between the longTdiagpnals of opposite 
rhorabi 1 , * , • • 

(i) What is the incli#iation of the edges DX and CZ ? 
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* 26. [Consult tho figures on ])ages 469 and 47^ for the following. 
In calculations about a rhombic «lodecahcdron go back to 
the original block, and think out calculations from that.] 

(a) If a is an edge of the rhombic dojecaluidron, find a 
in terms of s. 

(J) What are the diagonals of a rhombus in terms of s 1 
•(c) What is the area of a rliombus, M) in terms of s and 
(2) in terms of a ? 

(d) At lipw many corners do 4 rhoyibi mc(;t, and at how 
many corners do 3 rliombi meet ? 

(c) flow far apart (in terms of $) are two o])])osite fa(a*s ? 

(/) How far is ea<*h face from the centre of the solid ? 

{(j) Wliat is the length of a long diagonal of the solid in 
terms of s ? 

(//) (live; tlie lengt h of one of Its short <liagonals*in terms of s. 

(i) Give t he loi^i; and short. di.Mgonals in terms of a. 

(j) What is tli<‘ volume of tiie p\4-anii(l, \vlios(* base is one 
of tli(^ rhombi and vca-t<*x tin* c(Miljt‘ of the s(did ? 

(/•) Wliat is lh<‘ ^oJume of the rhombic dodecahedron in 
terms of sj ^ 

(I) How big*is the rhoml»ic dodocLjliedron compansl to th^ 
original rc'ctangular soli<l { 

(ill) Wliat. is the volume of the rhombic dodecah(‘dron in 
t(Tnis nt o f- 

27. Hliow that the joins of the centres of the faces of a 
regular dodeeafit‘dron give a regiflar ieosah(*dron. 

28. Show that the joins of tlfe centres of the faces of a 
regular icosahedron give a regular dodecahedron. 

♦ * 29. A plane figure coisisting of 6 equal 

rhombi (situated as slif>wn), with 
angles 6()i' and 120'\ is bent to form 
a parallelepiped. Show that this is 
composed of two equal regular tetra- 
hedra (situated at the jjointed corners 
of the ])arallflepiped) and one it.'gular 
octahedron (between th^m). 
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* * 30. APQX and APQRSZ are a regular tetrahedron and regular 

octahedron* (with <|dgea W the same length). They have 
the vertex A. and the edge PQ in common, and they ar( 
external to each other. Z is the corner, of the octahedron 
opposite to A. M is the mid point of PQ. Prove that tin 
faces PQX and PQZ are in one plane (in other word'll prov< 
that the dihedral angles between adjacent fjvces of thest 
solids are supplgmentary). • 

[Hint. It is easy to show MX = MA -MZ, for each is th( 
height of equal equilateral triangfts, so tJiat (using thi 
converse of “ an angle in a semi-circle is a right angle ”) 
it will be sullicient to show AX*-^ l AZ“ XZ-.] 

* 31. It is possible to cut down a cube into a regular tetra- 
hedron or into a regular octahedron on om; of the following 
simple plans : 

(1) 'The joins of the ends of opposite diagonals of opposite 
faces form the edges of a regular t^^trahedron (the figure 
of Ex. 40 b, 9, on page 431 will give iho idea) ; 

Or (2) the joins of the mid-j)oints of adjacent faces of a 
cube form the edges of a regular octahedron (as in Ex. 14 
of this Exercise). 

Show that bo^h the total area of tin* surface and the 
volume of the foriner are twice those of the latter. 

*** 32. A plumber has only cubical bolts, but of any size. He 
is required to stop up a pipe of regular hexagonal section 
with one of these cubical bolts. He muat not cmI the bolt 
at all, nor must he squash Jl, nor alter its shape in any way. 
How can he do the job correctly? If •the side of the 
hexagon is s, what is tjie edge of the cube ? 

In particular, if the side of the pipe is what should be 
the edge of.the bolt ? Give the result to the hundredth 
of an inch. 

♦ t 33, Calculate the volume oi a regular icosahedron, whose 

edges are a. 



CHAPTER XI. IV. 

SPHERES. 

§1. If ])oint;,s are equally from a fixed |)oint f hoy lie on 

the surface of a Sphere. Anofher couceptiori of the same solid 
may •)<' oblaiTied by the revolution of a semi-circle about its 
diameter. A sphere is not developable. If. is quite impofisible 
to make a piece of paper, without stretehiii^r, toucira s[)here, all 
over tlu^ surface of tlf? paper slnndfaneoushf. 

§ 2, That any plane section of a sphere is a circle lias hiHiorto 
been taken for ^^rajited. For proof, if 0 is the (umtrc of the spliere, 
and if ON is ^Irawn ))ejjT)endic.uIar to the f)lane section, and if 
P is any point on tlu^ circumference of the section, 

OP2-ON2-} NP2 (Pyth.) ; 

. |^p 2 ^ op2 - ON^ - constant. 


^ JNow N is a fixed point irn tlic j)]ane. 
the locals of P is a circle leaving N as centre. 

§‘3. The circle, in which a sphere •' s cut*by a pfanq, is called a 
great circle when the cutting plane passes through the centre of 
478 
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the spliero. A S])yor(i is tlierefore dividod into two eijiial parts by 
every ‘ great’ eirele. OtliAr sections of a sphere give small circles. 

The eiioritiouH im]M)rtau(u^ of ‘ great circles,’ in practice, is fully 
dealt witli in relation to the Karth in (Jha[)ter Til. ({»age 5fi2). 

§4. SiiK'c plane srud-ions of a H])here are circles, ft’equently i 
problem relating to .^dieres, and in 3 dimensions, is solved by 
drawing the appropriate section and worjcing in 2 dimensions. 
Sometimes, by working lirst in one section, and then in another, we 
are able 1 o get properties of a splnire. T’roposition 45 is an instance. 

In th(^ same way that W(i have himjvnf to a circle we iiave 
intu/cnf. pliUH's to a s|>h(^r<‘, and various properties of a circle have 
their^counterparts in the properties of a sphere. 

In tin' ca.s^c of circles, eqnaf chords are (‘(piidistant from the 
centre ; for spheres <‘{pial plane sections hav^the same property. 

For circles, ('(pial arcs^ire cut oil by ('(jual cliords and e(|ual 
areas of sphen*s are cut olT by equal plane sections. 

A /(inf/rnl fine touches a circle at one ])oint, and at one })oint only, 
and is at right angh's to the radius at tju; pomt contact ; in 
iThe same way a tainjent )tJnne touches a. spliere at one j>oint, and^ 
at vno point oidy, and is at right angles to the radius at the 
point of contact. 

The line joining the centres of two circh's touching [wsses 
through tin' point of c(>ntact ; tlft^ same ])roperty belongs to two 
spheres touching. 

And so it comes to this : 

Chord pro[»crties of a circle correspond to the ])roperties of 
planes cutting spheres. 

Tmnjenl properties of a circ-le corre.'ipond to the properties of 
planes touching spheres. And, itbove, we have seen that two 
circles (in j)lane (Jeoinetry) touching Tias its counterpart in the 
contact of two spheres (in solid (le-ometry). 

In addition, we have the case of lines loin-liing sj^heres ; but, 
as plane scctiogis of a spherctare circular, we ay[)ly 2-dimensional 
properties to^ thfise direyt. 

It should be noted that, whereas two (nectjssarily equal) 
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tanj^cnt lines can be drawn to a circle from a giYcn external point 
(and in the plane of the circle), aninfinit'^ juirnber of straight lines 
can be drawn, from a given external point, to touch a sphere. 
The lengths of straight lines (from the external*point to the points 
of contitct) are ecpial. The straight lines form a tangent cone to 
ulie sphere. i 

But the AiUflr jiroperties of circles have no direct counterpart 
for spheres. 

PROPOSITION 45. 

§ 6. General Enunciation. If chords of a sphere intersect 
(it a given point (rnside or outside the sphere) the rectangle 
contained by their segments is constant in area ; and, in the 
case where the point of interseciion is outside the sphere, the 
square on the tang$nt (from that point to the sphere) has 
the same area. 

Particular Enunciation, ab, pq and XY are three of the 
chords ciittiijg at K. And, when K is outside the sphere, 
KT is one of the tingenlis. 

* To prove rect. KA . KB ---reet. KP . KQ =rect. KX . KY -KT^. 

[No figure conveys the idea so well as a model, and the 
imagination of the model is generally sulficient.J 

Proof. Any pair of chords jute rscct at K, so that a plane 
can be imagined through that pair. 

Plane sections of spheres are circles, so that we can apply 
the propeities of circles to any pair of these lines (for they 
intersect). 

Now, if the plane containing AB and PQ, and also the plane 
containing PQ end XY, be considered in succe ' “ 

rect. KA . KB - rect. KP . KQ - rect. KX 

In particular, if a secant from K ci»« the sphere at two 
points coincident, at T, rect. KX . KY-KT-^ 

These arguments establish- the tiaith qf the tlieo^^em. 

Q.E.D. 
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^ § 6 . In practice, when it is possible, wc are apt to measure 
diameters^ as t!ie (jentte (foi^ radii) is often not well marked 
and is frequently iin-get-at-ablc \e.g. footballs!. Sometimes 
only pieces of spheres are available [cj}. lenses], so that then 
diaiiK^ters are not possible. From suitable ineasurem|§nts it 
is easy to calculate, the radii. A figure of a spherometer \i 
given. 



The 4 legs, by screwing, ar«i nnule to touch u sphere simul- 
taneously and the differencfl of tin* level oS the centre leg 
(movable) and the 3 outside legs (iixed) is read ; whence we 
obtain data for calculating the unknown radius. 
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* § 7. First screw the centre leg to flatness with the other legs 
and get thci “ zero-reading/’* Andi-also let the distance from 
the centre to the outside legs be 5 . ^ 

Secondly, consider the following figurea^ 

.The four legs of the instrument are made to touch the 
surface, of the sphere simultaneously. The })oints »)f cnntact 
ittG A, B, C and X. 

In the vertical section, rect. XK . KY ^rect. AK . KF ; 

h 

whence = 

2 111 



In the horizontal section, ABC is an ecjuilateral triangle, so 
that KN is half KA ; 

’(2) (2) (ryth., \AKN) ; 

whence i 

so, by substitution, - f + f . . 

2** oh 

[Now this d is always the same for the same spherometer, 
and it i^^as well to calculate ^ and log g-, once and for all, 
and write them on the 8pherom(rt;er box.] 
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^ §8. An Example of calculation is appended. 

In a spherometer r/z=4 irn. The “zero-reading” was 
--0*02 mm. (average of several observations). 

When all 4 legs w(‘rc in contact with a convex spherical 
lens, the (average) reading was ^ 8-74 mm. What is tliejadius 
of curvature of the lens ? 

Reading of the centre leg = ] 8*74 mm. 

Zero reading = -0 02 mm. 


h- 3-76 mm. 

I Notice that you subtract the zero reading, j 
/. /i = 0-37Gcm. 


and ^/-=4cm. 
Now ft -2 + g;,; 

•> „ 0-.'!7U 

«= 2 + 
w'hence /f:=7*28.... 


It) 

() X 0-376 


Hence the radius of curvature is aLout 7-^8 ciii. 

[Of course, for clio'icc, use tables of logarithms to shorten 
vihe mere computation.] 

You must be especially carefiil about tin*, zero reading for 
concave surfaces. 


* § 9. The necessity for a very accurate value of ‘h is the reason 
for the nicety of the instrument. Whole numbers are read 
on the vertical scale. The screw has a very small pitch, 
and the circular table is enlarged so that hundredths can 
be read easily. 

The spherometer is an elegant instrument, w’hich substi- 
tutes the sense oE touch for that of sight. * 

There are, naturally, instruments of various patterns. In 
any particular spherometer it may well happen ihat not one 
turn (perho^ps two) meajjs I unit on the vortical scale, hence 
you should £nd out all aJ;>out a. particular instrument before 
you trust it too impliedly. 
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EXAMPLES 44 a (CALCULATIONS. SPECIAL CASES). 

I 

1. A. rubber ball, of diameter 2^', is squashed between two 
(paraTIel) window panes, which are I" apart. The squashing, 
on each side, is the same. What are tiie diameters of the circles 
of contact with the panes ? [In the calci/ations be sure to avoid 
mixing up diameters and radii.] 

2. From a given point K, outside a given sphere, secants KAB, 
KPQ and KXY are drawn, in various directions, cutting the sphere, 
and also tluj line KT touching it. 

Tt is given that KA-l'', AB 1 10", KP-8", KY = 48". Ilow 
long are KQ, KT and XY ? 

[Do not mix up AB and KB, etd] 

3. A spherical cljcesc is 10 cm. iti diamefer 
and has a rind 1 c.m. thick. 

A slice, of maximum thickness (inc^ludiiig 
the rind) 2 cm., is cub off. 

What is the width of Vlie exposed rim ? 

[Hint. AB = AN-BN. Work with the tri- 
angles OAN and OBN.] 

4. Water, to a maximum depth of 2 
inches, is in a hemispherical bas^in of diameter 
13 inches. Ho.v long is the water line, that 
is the circumference of the surface of tlie 
water ? 

6. A hemispherical bowl, of radius 25 cm., is fixed. 

A spherical ball, of raduis 4 cm., is revolving inside the bowl, 
at such a velocity that its cciitre is 
always 9 cm. '^bove the horizontal 
plane through the lowest point of 
the bowl. What is the length of the 
locus of the centre of the ball, for 
one of its revolutions round the but* 
face of the bowl? . , ^ 

How far is the point of contact from' the central axis ? 
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6 . A golf ball has diameter 1-02*. Ita name is on its surface 
ti a circle. *i 1 

AB is a diameter of that circle, whose ^ 
entreisN. 

When tlie ball is smick, there is impressed 
►n the face of the club the negative of tlu' 
ircle with the name of the ball. 

To what extent i.s the ball squashed in by 
he impact ? Give the result to the nearest 
lundredth of an inch. 

[ft is easiest, in this case, to work with XA 
at her than NA, hut the.se are .sensibly th(‘. same in practice ; 

JY and XY are ])raciically the same.] 



also 


7. A cylindrical building, of diamcier 
>C feet, is surmounted by a hemispherical 
lome. At 50 feet away from the wall of 
■he building, the elevation of the (ffyparnif 
op is L5”. How high h the building 
lentrally ? 


8 , Two spheres, witli, radii 17" and 7", have tVir centres 
)* apart. Oahmlate the iadius of a s])here which touches both, 
ind which has its centre on the line of cenires of th»5 given spheres. 
There are -1 cases to c.o?isider.] 

9. A sphere, wif.h diaimder 5", rests on a triangular hole in a 
joard. The sides of the triangle ^re 8.V', 8" and Ik". What is 
:he maximum height, of the spliefe above lln' boai*l ? 

[Hint. You need to calculat*' first I hi* radius of the circle 
iiscribed in the triangle.] 

* 10, A sphcroineH^r (in which the outer legs form an ecjuilateral 
triangle with sides 4 cm.) is used to liy<l the radius of curvature 
of a convex lens. The zero reading was fOol mm. In 
contact with the lens, the reading is -| .H-ni unn. What is 
the radius of curvature of the lens ? 

♦ 11, With the same spJierometer as in the preceding question, 
and with the same zero reading, the radius of curvature of a 
portion of a wash-hand “basin (inside) is l O be found. In 
contact v{ith'the basin the. reading is -2-84 mrn., what is tlie 
radius of curvature of Jhat portion ? 




486 


GEOMETRY 


* 12. In the preceding (piestioii, if the “ zero reading ” had not 

been taken into aeeount, whit radjiis of cifrvatnre would have 
been dcdiieed i t 

* 13. An ordinary drinking gla.sH, 5 ine.lu'u in internal vertical 
height, has internal diameters of 3 inches at tin; top and 2-5 
iiRihes at the bottom. The inside of the bottotn is (lat. A 
sphere ^las to be made which, when dropped into the glass, 
\till rest on the bottom and just touc^ tln^ sides of the glass. 
Find the diameter of the sphere, and the height of the circle 
of contact betweco^ thespheiai and thei*glass above the bottom 
of the glass. 

* 14. Two spheres ha ve radii 13 cm. and b c,m. Tlieir centres 
are 8 cm. apart. What is the radius of a s|)here whicli touches 
both int('rnally ^ jTwo cases.} The three, centres ar(; in the 
same straight line. 

« 

^ 15. Wit!) spheres of tlnj size and position of* those in thc! 
previous questio^j, what is the radius of a. sphen^ whicli touches 
the larger intc'rmdly and tin' smaller e.vf-ernally ? It is to 
liave its c(‘ntre in thc lijie of i.entres of the given spheres. 

* 16. The circumference of an Asso(‘iatioM football being 
27. V incluvs, find how far a tly slioidd b(‘ from it to make. \ of 
its surfac'c visi^de. 

* * 17, A cubical box has edges 1 fool. long. Into it it is possible 

to pack little spheres, each of diameter 1 inch, in either of 
tiic two following ways*: 

(1) In one system there are 12 layers, of Ml in each layer, 
each sphere, being vertically above t he one below. 

(2) In the other system there are 144 in the lowest layer, 
121 in the layer above (each sf? hero sinking into the interstice 
formed by four spheres in tlu; layer below). In tin*, third 
layer tiierc are 144. In thc fourth layer 121, and so on 
alteniately, until there is no room for another layer. 

How many spheres ca^ be packed ninlcT each of the two 
systems ? 

[Notice that there are getting on for a quarter more 
under the se(;ond system than um[oT the former.] 

18. A croquet ball (diameter 3^ inches) rests on a triangular 
hole in a board. The sides oC the triangle* are 10, 9 and 
4 inches. What is the.maxi^ium Ijcight of the ball above 
the board ? Give thc result correct to an eighth of an inch. 
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EXAMPLES 44 h (CALC]JLATIONS. GENERAL GASES). 

1. ACB is a cup for “ c^lp-alld“ 
ball.” Into the cjm the ball 0 
fits tightly. If AB-2r and NC^-//, 
where NC is the maximum depth of 
the cup (whicli is part of a sphere), 
prove that the radius of^the ball 0 

, Ji^ ■{- r 
IS given by • 

2. A spherical ball (diameter 2R) rests on the 
mouth of a verthial (‘.ylindrical glass (diameter 2/). 

To what depth does the ball penetrate into 
the glass ? 

3. A sphere, of radius R, rests on a eireulii.thole, of radius r; 
how far is the top of the splift-e from the plane of the circular hole? 

4. What are the radii of the circum-sphere and in-sphere of a 
cube whose edges are a ? 

6. Two spheres, of radi^ R and r, a.r(^ 
lyiiig on a flat table toucluAg each otlnu*. 

Tlie larger is fixed, and the smaller circles 
round *it touching it and the table all the 
tim(\ Find tin? length of tlie locus of* its 
(amtre for one revolution. 

• 

6. A hollow h(!mis})her(‘. of radi«.s r is 
put, like a cap, on to a sphere of radius 
R ; but (r being smaller tlian R^ the cap 
does not fit. What is tlie maximum dis- 
tan(a> between the surkces ? 

7. If r is the radius of a billiard ball, ^Iiow t hat tin; point of 
contact with the cushion must be • 

r cot 0 behind the intersection of • 

the lino of aim and the cushion. In ^ . 

particular, if the diameter of i;he ball ' ^ ^ 

is irndies, and the angle is dO‘h 

show that the pyint of conta^it is » 

over Ij inches bj^hind the point Cushion 

aimed at on th« (uishion. * [^diij? is 

assuming the height of the contact with the cushion is a half ball.] 

III. c 
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♦ 8 . Still wires are stretched from the centre of 
each face of a cube to the 4 corhers of the 
opposite face (only 4, of the total 24, namely 
VA, VB, VC and VD, are shown in the figure). 
^ What is the radius of the largest sphere that 
’ can be put in to touch all the wires ? The 
edge of the cube is a. 

[Hint. Work with the plane Sl)KBQV. 
Inscribe a circL in the rhombus contained 
by the wires VD, VB, KQ and KS.] 



s R 


♦ 9. In the preceding example, if BVC, CVD, DVA and AVB are 
stiff plane faces, what is the radius of the largest hemisphere 
(whose fiat top is in the plane ABCD) that can be got into the 
funnel formed by these plane faces ? 

[Hint. If M and L arc the mid points of the edges DA and 
BC, work witii the plane MKLV.] 

^ 10. From each of the corners of a cube 
(whose edge is a) issue 3 stiff wirijs, stretch- 
ing respectively .to the mid points of the 
3 edges, which meet at the diagonally oppo- 
site corner of the cube. [Only the 3 wires 
issuing from one of the 8 corners are shown 
in the figure.] What is the radius of the 
largest sphere that touches all the 24 wires ? 

[Hint. If O is the centre of the cube, 
you neeu to find the perpendicular from 0 to the line CM. The 
plane CPMQ contains O.] 


Df--. 




♦ 11. A pair of compasses is open to draw a (plane) circle of 
radius s. It is used, at that opening, to describe a circle on 
the surface of a sphere of radius R. What is the radius of the 
circle drawn ? 

[N.B . — Of course the answer should come to s exactly, 
when R is put equal to infinity, jor that would be drawing a 
circL on a plane. You should test your answer thus.] 

c * 12. Two pyramids arc formed of tennis bafls. First 3 are put 
in a horizontal plane, touching each other, in the shape of an 
equilateral triangle, and a fourth is laid on the top. Secondly, 
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4 are put in a hqfizontal plant, touching each other, in the 
shape of a square, and a lijfth is laid on the top. 

Which is the taller of the two pyramids ? If the diameter 
of the tennis ball isid, what arc the two heights ? 

♦ 13 . A packing case measures 8d by 5d by (id (deep), where 
d is the diameter of a ball. 240 (i.c. 8 x 5 x (i) balls are packed in 
regularly, in G layers of^O. Another plan is adopted as follow*8 : 
40 (i.c. 8x5) are packed into the lowest layer, then above 
28 (i.fi. 7 X 4), each ball sinking into the hollow made by the 
four balls below it. In the third layer are 40, in the fourth 
layer 28, and so on alternately. How many layers can there 
be in the box What number of balls can be packed if this 
plan is adopted ? 

[Hint. Notice that th(i centres of four balls, touching and 
formfhg a square in any layer, and the centre of the ball 
immediately over them, in the layer above, form the angular 
points of half a regular qptahedron. It is tte height of this 
^pyramid that will give the distance between layers.] 

^ 14 . The smaller (radius -r) of two spheres is entirely within 
the larger (radius 72), and their centres ^arc c apai^. What 
is the radius of the largifct and smallest spherdfe which touch 
bbth 'i 

♦ 15 . A regular octahedron has edges a. What is the radius of 
its circum-sphere ? What is the radius of its in-sphere ? 

♦ 16 . What is the radius of the gri^tcst sphere that can be cut 
from a cone whose height is h and base-radius r ? 

^ 17 . The centres of two cutting* spheres, with radii 11 and r, are 
c apart. Calculate the radius of a sphere which touches both 
internally, and whicli has its centre on the line of centres of 
the given spheres. [There are two casciJ to consider.] Now, 
if the contact were external in on^ case and internal in the 
other, what would be the two answers ? 

4 * 18 . Two spheres, with radii R and r and with their centres 
c apart, are entirely outside each other. Calculate tHb radius 
of a sphere wh^ch touches b^th and which has^ts centre on 
the line of centra of the given spheres. Distinguish between 
external and 'internal cbn^aci?. [There arc 4 cases to con- 
sider.] 
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♦ 19. To make ifc possible for W to force R into the pocket 

direct, sliow that 0< wliere'V/ is the diameter of the 

s 

billiard l)alls W and R, and .s‘ is tl'ie distance between their 
centres. 

In partic.idar if 6^ = 00'', show that tlic. centre of W must be 
over two dianiiders from the centre of R to make the direct 
‘‘ winning hazard ” possible (i.c. for W to hole R direct). It 
is assumed that the balls run in straight lines when struck. 

♦ 20. T wo ecpial hemispheres (with radii r) have 
their plane faces at right angles and are situated, 
as in the figure, cutting each other. Their 
centres are in a plane at right angles to both 
their plane surfac-es. A jdane touches both 
hemispheres. Ilow far apart are the [)oints 
of contact ? 

i) 

♦ 21. A cubi(;al box just contains a sphere. The sphere cut 
into octants, one of (;ach of which is fix(id into a corner of the 
cube, so that the curved ])ortions are all inwards. ' Now 
another sphere is ))ut inside, as great as possible, and hence 
touching each of the eight octants. If an edge of the cube 
is a, what is the diameteiMd the second sphere ? 

flf three planes (mutually at right-angles) pass through the 
centre of a sphere, they divide the solid into 8 portions called 
Octants.] 

♦ ♦ 22, The cue ball W is struck, quite,. cen- ^ 

trally, and makes a “ half ball-shot ” at 
R ; the direction of the original course of 
W (besides being tangential to R) is 
exactly perpendicular to the cushion AB. 

R is struck hard enough to reach AB and 
rewound from it. Assurniilg perfect 
elasticity between R and the cushion and 
perfect •'smoothness of cloth, draw a^ 
diagram showing the cour/^e of 5- [It id *. 
to be assumed, too, that the balls are 
mere points in size,] 




f ^ Line joininy rcnlrcit 

w Hi 
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* * 23. A piece o4 toast, ,witli t)ne angle 15°, is held perpen- 

dicular to a table, (ind is 
pushed as far as it will go, 
without squasiting it, under 
a saucer (which is a segment 
of a sphere). 

k and h (see the figure) 
define tlie size of ♦he saucer. 

What is the length of AB ? 

1 You will noticafthat saucers of this shape will naturally 
tilt the more tlie toast is pushed, yet with sauc(;rs of such 
a shape the distance AB is the same whatever be the tilt.] 

* * 24. A hemispherical l)owl has radius Ir. In it, as low as 

(K)saible, are three equal spheres, of radius /*, touching each 
ytlier. On the top of the^eqiiilateral triangle of the three 
spheres,* thus formed, is placed another equal sphere to 
form a pyramid. Is the top of this ^lyramid above or 
below the centre of tJie liemisphere ? In either case state 
the differeiu'c, in t(‘rms of r, correct to three significant 
figures. 

* * 25. Three equal spheres (of radii /) are arrang^l, touching 

each other, as an equilateral triaiigi(\ anti a fourth equal 
sphere is placcul on them as a jiyramid. What is the edge 
(if the regular tetrahedron which would just enclose them ? 

[Hint. Recollect that the ♦centres of the four spheres 
form oiKi regular tetrahedron, and consider how much this 
should be enlarged.] 

^ * 26. A point of light is situated at a distance I iToni the centre 
of a sphere whose radii\,s is r. Tin; rays of light form a 
tangmit cone to the sphere. Show that the bright area of 

the surface of the sphere is 2irr^(^\ - [In particular, if 

the distance of the light is ^very* great compared to the 
radius of the sphere, show (from this) that practically a 
hemisphere is illuminated.] 

* * 27. A cubical box jqst contains a sphere of diameter 2R. 

Into the 8 corners of the box are thev fitted splteres of the 
largest size that will in. What is the radius of that 
size 1 , , 

* * 28. Find* the radius* oi a sphere inscribed in a given octant 

of a sphere whose radius is R. 
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* * 29. ABCD is a square with aides r. Two ^<^qual spheres, with 

radii r and centres A and C, are^'d escribed. Plane sections 
’ are made of the solid, either (1) by the plane ABCD or (2) 
by a plane (through B) perpendicular tdthc line AC. What 
, is the ratio of the two areas ? 

* * 30. T.vo equal spheres (with radii R and their centres also 

‘ R apart) have (joalesced. A and B are points, (jommon to 
both spheres, and at opposite ends* of a diameter of their 
plane section. ' A plane section is^ also inad(; through A, 
])erpendicular to the line AB. Sketch the perimeter and 
find its length. 

* 31. VABC is a regular tetrahedron with edges a. Find the 
radius of the sphere which circuniscrihes it. 

[Hint. Circumscribe the base oquilat(;ral triangle ABC 
with a circle. Let its centre be S. ijct AS, .produced cut 
BC at M and the circle again at X. This (;ircle is one of 
the small circles of tlie s])her<‘.. Again draw another 
se(^tion VAX. Let 0 be the centre of the circle circum; 
scribing tlie triangle VAX. That circle is a “ great ” circle 
of th(5 splien^. | 

* * 32. VALc is, a reg liar tetrahedron with edges a. Find the 

radius of the sphere imeribed in ii. * 

[Hint. Read carefully the hint to the priivioiis question. 

It is the perpend i(;ular from 0 to the line VM that you need.] 
« 

* * 33. What is tlie radius of a sphere which touches a plane 

containing an cipiilateral triangle ABC, with sides R, and 
each of tlirec spheres (with radii R), and with points A, B 
and C as centres I 

[Y.R. — Draw the j)lane ."Section ABC. You will notice 
that there are 3 cases to consider. ] 


- A 

Table 

^ ♦ 34. Tne glass lid of a jam-pot consists of a thin circular 
disc, of radius R, joined to la spherical bulb of radius r. 
AB ~ Jc. u 

The lid[is resting on a tableaus shown. In the edge of 
the lid there is a U-shaped hole for the spoon. The lid 
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makes one complete revolution on the table ; how many 
revolutions m the lid does the U make ? 

[Hint. Produce i5a to meet the table at C. Let AC be 
equal to h and|be inclined to the table at an angle 0. Elimi- 
nate 0 and h. 


EXAMPLES 44 c (RIDERS). 


0 1. What is the lAcus of ])oints in a plane which are equi- 
distant from a given point outside the pIaT« ? 

0 2. What is the locus of a point in space the sum of the 
squares of whose distances from two given points is constant ? 

0 3. How many jmints are there equidistant from four given 
points which are not in one (dane ? 

0 4. What is the locus of the feet 4>f perpendiculars, from a 
given* point, planes which pass througli a given point '!■ 

0 5. What is the locus of the centres of sll spheres whicli touch 
a given f)laiie at a given ijpint ? 

• ^6. Show how to describe a sphere, of given radius, touching 
a given spliere and two givcji planes. Discuss the limits of 
possibility. What is the maximum number of solutioT)8 ? 

7. Prove that the secljon of two intcrateting^spheres is a circle 
whose plane is at right angles to the line of centres of the spheres. 

5 . 0 is the centre of a sphere. OM and ON arcj drawn per- 
pendicular to two equal plane sections of the same. Prove that 
the triangle OMN is isosceles. 

9. AB is a diameter of a given ^iphere. AM and BN are drawn 
perpendicular to any plane section of tlie same. TJie straight line 
MN meets the sphere at the points P and Q. Prove that MP — NQ. 

10. If two spheres are cortcentric, any tangent plane of the 
inner will cut the outer in a circle of constant radius. 


11. A descriptimf of the figure follows : 

R = object ball (at billiards) and its ce^itre. 

W =cue l)all and its centre. • 

P = point of contact. 

(The phantom ball, into the position of 
which W must come, is shown dotted.) 

The object is to make a “ winning hazard/’ 
ie. for W to fo^ce R to run i^Jto the pocket. 

Show that tlje perpendicular, from the 
centre R to the line of aim, is Exactly double 
the perpendicular from P to the same line. 
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12. A and B aro flic (*ent^\s of two non-jntersectin}» oqiial 
aphcroa. The straight line AB is Inserted at ifi. Any |)lane jiasses 
through M and cuts the spheres. Prefve that the areas of the plane 
sections of the spheres must be eipial. 

13. KAB is a straight line cutting a giviui sphere at the points 
A and B. , KT is a tangent line to that sphere. Prove that KT is 
a Mean Proportional between KA and KB. 

14. T wo spheres have the same centre. Show that tangent 
lines drawn from anV f>oint on the outer, to the inner arc equal in 
length . 

15. The descri))tion of the ligure in 
Question 11 is the same for this, and in 
addition C (on the .surface of R) is the 
apparent centre of R as seen from W. CP 
produced cuts the line of aim at S. Prove 
that PS > PC. 

[As a matter of' fact PS and PC are prac- 
tically equal if W is (say) 10 diameters or 
more from R.] 





16. Two spheres touch externally at K ; and two straight lines 
XKY and p1<Q, pass tl rough their poijits of contact and cut one 
sphere at X and P, and the other at Y and Q. Prove that the Ikios 
XP and YQ are parallel. ^ 


17. W and R are two bill'i^ud balls on a 
billiard tabh^. R is at rest. W is struck 
(quite centrally) along a tangent tp R making 
a “ hulf-ball-shot.” Show that R (when 
struck by W) must move in a .straight lin^, 
which makes with the original path of W 
{prolonged) an angle of 



Qw 

18. K is a point external to a sphere whose centre is 0. TS is 
a diameter of the ba.se of the taiigent cone (wlfose vertex is K). 
TS and KO cut at N. Prove thrt TN*is a fotirQi proportional 
to KO, KT and TO, 
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* 19. Tangent line| arc drawn tf a sphere from a given external 
point. Prove that (1) t*he tangents are eipial in length, and 
(2) that the points of contact lie in a circle. 

*20. P is a variable point on a fixed plane ; 0 is a fixed point 
not in that plane. Q is a j)oint in OP such that the rectangle 
00 , OP is constant. Prove that the locus of Q is a*sphere. - 

* 21. Find the locus of |)oint8 in a given plane at whidi a strafght 
line of fixed length and position subtends^a right angle. Sup- 
pose that the straight line is entirely outside the plane. 

* 22. The six planes bisecting the edges of any tetrahedron at 
right angles will meet in a point. What is that ])oint called ? 

* 23. flow should a plane be drawn through a given point, 
within a given sphere, so that the area of the section of the 
plane by tli^e sphere should Ima minimum ? 

* 24. Given two points on the surface of a >jjveii Bf>herc, show 
how to describe the gre^kt circle passing through them. 

* 

* 26. If three spherc-s cut one another, prove that their planes 
of intersection meet in a straight line perpendicular to the 
plane determined by their centres. 

, Prove that tangent lines, to the three spheres, from any 
point on this line must he equal in length. 

• 

* 26. V, A, B and C are the angular points of a tetrahedron, two 
of whose edges, namely VA and VB, arc equal. VA is bisected 
at M. A sphere passes through B and touches the edge VA 
at M. The sphere cuts the edge^B at K. Prove that VK - JVB. 

* 27. Two segments of spheres are on the same (circular) base 
and on the same side of it. *A series of parallel straight lines 
passes through points on the boundary of tliat circular base ; 
one of these lines huts the two segments at the points B and 
C. Prove that the length BC is constant. 

[HInt. Consider the parallel Waight linos to be vertical, 
and prove that BC is twice the difference of the levels of the 

centres of the two spheres.] 

• 

* 28. Three chords of a sphere, whose centre is 0, mfitually at 
right angles, pieet at K. J^rove that twice the sum of the 
squares on th^ 6 segments of the chords is equal to the suiu 
of the squares on tliolje ^ tfliords together with 4 times the 
square on KO. 
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* * 29. The joins of the iiii(l-fY>inis of opp^ite edges ot any 

tetrahedron arc the diagonals of an octahedron, (see page 
427). These diagonals divide^ the octahedron into 8 
tetrahedra, whose bases are the faceei of the octahedron 
and whose vertices are coincident at the intersection of 
*the joins. Prove that the centres of the circum-spheres 
^ of the tetrahedra must be the corners of a parallelepiped. 

* * 30. A corner is cut off a cube, the section being a triangle. 

Prove that the ♦perpcmdicular from this corner of the cube, 
to the plane of the section, meets it at the orthocentre of 
the triangle. 

[Hint. ABC is the triangle find O tlie point at the corner 
of the cube. ZBOC^ rt. / ; pt. O is on the sphere 
whose diameter is BC. Likewise O is on the sphere whose 
diameter is CA. These two spheres cut in a plane atjight 
angles to the line joining t!hcir centres, the fnid points of 
BC and CA, apd this line is parallel to AB ; so that this piano 
is perpendicular to AB, etc.] r 

* * 31. Three straight lines are mutually at right angles, and 

issue from a given point. They cut a given sphere. Prove 
that tke sum of the squares on the three chords is constant. 

* * 32. Three straight lines VA, VB awd VC aie mutually per- 

pendicular. A, B, and C are fixed points on them. VK, 
VL and VM are perpendicular to the lines BC, CA and AB 
respectively. Prove that AK bisects the angle LKM. 



ClIAPTEii XLV. 

AREAS AND VOLUMES (PRISMS AND PYRAMIDS). 

§ 1. The Areas of the surface of solids, bounded by plane faces, 
afford no difficulty. Our knowledge of Plane (Teornetry gives us 
a mfians of determining the area of each face separately, and 
totalling up*givcs the required result. If several faces are the 
same, clearly the arithmetic is lessened. 



The area of the curved surface jof a itylinder, which is develop- 
able, can be imagined easily by wrapping a piece of paper round 
it. On unwrapping we have a rectangle, and thus 

Area of the curVed surface of a Cylinder = 27rrh. 


497 


498 


eEGMETRY 


§ 2. That the Volume of a Prism is equal to the area ot its nase 
multiplied by its height (mea^uml •perpendicular to the base), 
whether the prism is oblique or not, ^s easily seen by dividing it 
into thin plates parallel to the base, as is imlicated in the figure,, 
on page 497, finding the volume of each plate and totalling up. 
Now, ainc^^ the area of each plate is the same as that of the base, 

Volume of Prism - base height. 



The plates have a stepped appearance, if they are ap])reeiably 
thick ; but, if they art: absolutely thiv, this appearance is lost. 
It is easy with a pile of books of the same size (or, better still, 
with a pile of single sheets of paper) to convince ourselves* chat 
the volume is unaltered by sloping the pih^. 

It should be noted that a iTism may have a polygon of any 
shape for base^. Many (but b}^ no means all) glass prisms have 
triangular sections, and one is inclined to apply the word prism 
only to this special kind. This is Wrong. 

The Cylinder is only a special case (but a very important one). 
The base is circular, so that the 

Volume of a Cylinder rfh. 

[Only the case of circular bases for cylinders is considered in 
this book. ! 
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§ 3. The Volume of a Pyramid is J the Volume of the Prism on 
the same base and cf the saipie hAght. This very important fact 
is most shortly 'proved using^the notation of the Integral Calculus, 
and that proof is giv^n in full in § 4. 



In default of that consider the following : 

The pyramid is imagined as composed of slabs parallel to its 
base.* The slabs, simply pushed across a little, will make a 
pyramid with the same height and with the same base. Clearly 
the volume is unchanged (consisting, as itidoes, of the same 
fllabs). Hence , one argues that pyramids of the same vertical 
height, and on equal bases, must have the same volume. [The 
“ stepped ” appearance is lost if the slabs are inlinitely thin.] 
Now, whatever the slmjtc Ojithc base of the pfl'aniul^ it can be reckoned ■ 
(alwaijs) as a cluster of pyratnids on triangular bases, and so it is 
only necessary to con.sider the relation between a riglit prism on a 


triangular base and the pyramid on the same. 

Vol. of the one Prism PQRABC^ Vots. of 
II pyramids ABCR, PABR and PQftB. 

Plainly the two pyramkls ABCR and PQRB 
are equal in volume, for th^y are on coin 
gruent bases ABC and PQR and of the same 
altitude. 

Alsqjthe two pyramids PABR am^PQRB arci 
equal in volume, for they are on congruent 
bases PAB and BQP and of the same altitude. 



Hence the three pyramids (ABCR, PABR and PQRB) are equal in 
volume, and together they make the one prism (PQrXbC). 


*. Volume of PyrJmid - J base area x* height.* 

♦ Thia truth* was estabfisljfsd Kuiloxua, wlio Hourislied about the 
middle of the 4th ceutury b.c. 
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It should be noted that a pyramid may have a polygon of any 
shape for its base. The Pyrafnids pf Egyjit have square bases, 
and they are such familiar examples that one is inclined, at first, 
to believe that pyramids must have squ^^e bases. This is not 
the case. 

Cf the base of the pyramid is a circle, the solid is called a Cone, 
so /.hat the 

Volume of a Cone =%7rr2h. 

[Only the case of circular bases for nones is considered in this 
book.] 

The following section should he considered as an alternative to the 
preceding. 

^ § 4. A form^Ti proof, that the vojume of a pyramid is J that 

of the corresponding prism, is now given. . 

abed is a section parallel to the base ABCD. 

V/4N is the perpendicular hei| 

Vw-fC, S/H=h. 

As the section abed and the 
base ABCD are similar, their 
areas are proportional to th(5 
squares of corresponding lines, 
so that* 

the area of ahed oc (an)\ 

oc (Vw)2 for an : AN = Vw : VN, 

r 

i.e, area of ahcd = kx^^ where k is some constant (and the 
area of the base ^3CD -fkh^). 

' Now jmagine the pyramid built up of flat plates, parallel 
to abedy and that the thickness of the abed plate is Bx ; 

/. Volume of the Pyramid VABCD =- 1 kxHx 

Volume of a Pyranfid t Bhse x ^ height. 
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§ 5. Since a cone is develovohle it is easy to find the area of its 
curved surface. 

(^onc. Paper (which just covers the curved 

surfaotd flattoucfl out. 



By flattening out the paper a fan-like sector is obtained. That 
sector can be imagined as a multitude of triangles with bases 
Af B, C, etc. ; 

the afca of the sector ^ ^(^4 B-\-0 ^irrl. 

Hence the 

Area of the curved surface of a Cone = 7rrl. 

§ 6. For a frustum of a cone we can imagine the curved surface 
• * 

Frustum of a cone. Paper (wliich just covers tlie curved 

• surface) flatlcned out. 



unwrapped, fof the frustum is developable, and laid flat and then 

cut into a multitude of trapezia, from which 

• • 

Area of curved surface of a frustum of a Cone 

sum of circumferences x slant height. 

[The word “ frustum ” means “ a bit.” The spelling frustjum 
was not uncommon, but erroneous. In G eometry the word is used 
when the verte^of a pyraraief, or cone, is cut olf Ry a plane paralkl 
to the base.] * 
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§ 7. For the Volume of a frustum of a pyramid (including a cone), 
imagine the solid completed, aAd calculate i^s height by similar 
triangles. After that subtraction giv»8 the volume; of the frustum. 



For instance, in the figure, the triangles VMF and VNL arc 
similar ; , 

VM _ FM . 

•* VN ""Ln ’ 

< 

VM FM 

•• VN - VM 'LN -FM ’ 

VM ^M 

•• MN 'LN^'FM’ 

so that VM (;an be found, and then, etc. 

{N.B. — Any corrcs})onding lines can be used for the second 
ratio ; for cones they are often radii or diameters.) 


EXAMPLE^ 45 a (CALCULATIONS. SPECIAL CASES). 
Prisms.' 

1. The figure re.presents a rectangular vsheet of zinc 36 cm. 
long and 21 cm. wide. 

From i;aeh of its corner!; a s(juare |)ieee 
is cut, a^d tlie edges arc then bent up at 
right angles, a'iong the dotted lines, to 
form an open tray. The joints a^e 
soldered so, that it will contain water 
without leaking. 

If the length of ‘the side of each square piece c^ifc off is x cm., 
give the length, breadth and depth 6f f^he tray . *’ 
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Find an expression (containing x) for the volume of the tray 
in cubic cm. (Lipave this e^^ression in factors and call it 
V cu. cm.) » 

Make a table of values of each of these factors and of V. 

Illustrate graphically how V varies with x. 

From the graph determine the deptJi of the tray (or length of 
the side of each s(piare cut away) if it contains exactly 1 litres* 
i.e. 1000 cu. cm. • 

From the graph dett%miji(‘. what should be the depth in order 
that the tray may have a maximum cafacity. What is this 
maximum capacity ? * 


2. A piece of metal is of the shape 
indicated. The two ends are cubes 
whose edges arc 3 cm. The furthest 
faces *01 the, cubes are perpendicu- 
larly 13 cm. apart. WLat is the 
volume of metal i 



, 3. An iron wedge hajja base 1-(S" 
by 3-2", and ends isosceles triangles, 
whwse bases are 1*8" and vertical 
height Calculate the volume and 
total surface of the wedge. 



4 . A bottle consists of a ^•ylinder (radius 2 cm. and height 
3 cm.) with a cylindrical neck (radius 0-5 cm. and height r*5 cm.) 
above it. Calculate.its volume (to the nearest cu. cm.) when it 
is filled to overflowing. 


5. A pile of paper is made of pieces 
of the shape shown. The dimensions 
are in inches. The pile is on a hori- 
zontal table, and its edges’ slo])c at an 
angle of 30"^ to the vertical. The 
length of its slant edges is 4". Give 
the volume of the pile to the^nearest 
cubic inch. 
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6 . The wooden shed of the accompanying pattern and without 
a floor is 20 ft. long, 8 ft. wide, aifd its height Taries from 6 ft. to 
a maximum of 11 ft. at the centre. 

(а) Calculate the length of AB. 

(б) Calculate the number of 
square feet of wood needed, and 
♦'Id an exUa 10 per cent, to this 
to allpw for waste in cutting, etc. 

(c) If the shed is made of match- 
boarding 6 inches ride, what 
length must be ordered to build 
such a shed ? 

{d) Draw to scale a plan of the 
shed and measure NE. 

(c) Calculate NE to the nearest tenth of a foot. 

{f) Draw a vertical section through ANEF and measure AE. 

(^) Calculate AE to the nearest tenth of a foot. • 

(/i) Find the volume of the shed in cubic feet. 



7. SectioiTs of three beams (all 8 ft. 
long) are shown shaded. The dimen- . 
sions are in inches. Give the volumes 
of each beam in cubic feet. 



8. A wooden rectangular panel, 15" 
by 11", has the cross-section indicated. 
The dimensions are in Vnclnv'. The 
wood is ‘J" thick. If the weight of 
the wood is 4& lb. per cu. ft., lind 
the weight of the black portion of the ^ 
panel. GivQ the result to the nearest 
ounce. [The black portion is cut from 
the panel.] 
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9 . A board 6 ft. 6 in. long, 8 in. wide and 2 in. thick is sawn 
into three pieces in., 3, ft. aAd 3 ft. long respectively. The 
smallest piece is cut along one of its 
diagonals into two triangular pieces. 

The four pieces are Jlicn nailed together 
to form a trough. 

The diagram shows a section of the 
end of the trough — dimensions in 
inches. • 

(a) Draw, to scale, a figure showing 
the board before it is cut, and on it mark the lines through which 
it has to be sawn. 

(h) Calculate the vertical height CN. 

(c) If CN is divided into 4 equal parts, calculate the volume of 
water (in cubic inches) in the trough when at these levels. Tabu- 
late the results. (Recollect thi^t the trough is only 32 inches long 
on the inside.) 

(d) Draw a graph to show how the volume of water in the 
trough varies for different depths. 

(e) If a gallon is 277 cubic inches, from the graph find the depth 
of water in the trough when it contains two gallons. 



. 10 . Some sheets of i^olscap paper (1^1" by* 7*5") make a pile 
2*4" high. The paper is moved in the direction of its length, 
so* that the whole pile becomes a 
parallelepiped with a rectangular base. 

(The lowest sheet is unmoved, and th(i ^ 

top sheet is moved most.) Th(\movc Bt-— 

makes AB 5-1" long. What is the volume and ^otal area of the 
surface of the pile before and after the move ? 


11 . Steel tubing is to be made with external diameter 2 cm. 
It is to be of such % thickness that it weighs 1*5 Kgr. per metre 
length. The sp. gr. of steel is 7. 

(a) ^Calculate the weights of tubes, \ metre long and 2 cm. in 
(external) diameter, when the thicknesses are r^pecti^ely 3, 4, 
5 and 6 mm. 

{h) Draw a graph to » show how the weight varies with the 
thickness. * 

(c) From the graph detormine the tliickness (to the nearest 
tenth of a ram^) of the tubin |5 if it is to weigh 1-5 Kgr. per metre 
length. 
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12 . Cylindrical tins, to hold a coinniodity like condensed 
milk, are to be made to contain S(K) ciii'*. [call^,his I60:r cm^.], and 
t is desired to economise. Assuming^the formula V ^irr^h, calcii- 
ate h when the radius is 2, 4, 6 and 8 cm. rcsnectively, and thence 
•alculatc the total area of surface und(>r tfiosc 4 circumstances 
keen r in the results]. Exhibit graphically tlie relation between 
}he total ;jrea of surface and r. Eor what value of r is tlui total 
mrface area a minimum ? Cahailate the value of h corres})onding 
:o this value of r. How ilo the diainetcr#and height compare for 
)he most economical^ in '( 

♦ 13. The cross-section of a metal bar is ^ ^ ^ 

a square, 9 cm. by 9 cm., from the 
centres of whose sides right-angled 
isosceles triangles, with hypotenuses 
.‘i cm., have been cut. The bar is 
1 metre long, and the sj). gr. of the 
metal composing it is 7-5. ‘What is 
the weight of tlje bar ? 

♦ 14. The section of a. hollow metal tar 
is shown. The sides of each of th(‘ 
dotted squares is I cm. (These are to 
show tk) dimensi(yis.) The central 
square is of Ifiui same size. The IJar 
is 1 ni. long. What is (J) its volume 
and (2) the total area of its surface 
(both ends and inside included) ? 



’I' 15, The cross-section of a Jiolid tyre is a rectangle whose sides 
are a inchqs and h inches, ^he former being the thickness of 
the tyre from road to wheel and the latter its breadth measured 
across the top of the wheel. H the outer diameter of the tyre 
is jb inches, what is its inner diametc^r ? 


Assuming the formula for the volume of a cylinder, and 
considering the tyre as the difference, of two solid cylinders, 
prove the formula - a) for tlie volume of l^lie tyre 


in cilbic in^jhes. 

Calculate D to the nearest tenth of an inch, having given 


F = 600; a = 2-3; h-4-2. 

♦ 16. Thil symmetrical figure revolves 
round its side AB. Find the w^lume 
of the solid generated. [Dinqpnsions 
in inches.] ' 
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* 17. ABODE is the horizontal section of a block of wood. Tlie 
dotted lines giy^; its ditnensibns, for the side of each little 
square is 3 inches. PQR^T is the top, 
correspondingly IPQ corresponds to 
AB, etc.). The top and bottom are 
exactly equal. The prism is sloping, 

T being vertically abov(^ C. The 
edges of PQRST are parallel to the , ^ . 

corresponding edge.siof ABODE. The "! ,B' 

.slanting edges of the prism (ET for > iC’i * 

instance) are 25 inches long. What _ 

is the volume of the block ? [The 

block is gliK^d on to a horizontal board to })revent toppling.] 

* 18. A ditch i.s 00 ft. long and its cross-section is an equilateral 
triangle with 10 ft. sides. How many cubic feet of earth 
mAst havQ been taken out in making it ; and what is the 
weight (to the nearest ton) of water in it, if it. conu'S half- 
way up the sides ? 

|1 cu. ft, of water weighs about 10(»oz.] 

* 19. A hillside slopes at 1 in 5 (1 vertnail and 5 horizontal), 
A horizontal surface for a lawn tennis court is to l^e made by 
excavating earth abov» and filling 

* it below as indicated. '*BC is to be 
^0 yards. The slopes AB and CD 
are to be 1 in 2. By accurate 
drawing, find outjhow much must 
be excavated per yard length. ^If 

the total length excavated i« to ^ 

be 40 yards, and if a cubic yard 

of earth weighs IJ tons, And the tonnage of earth to be 
shifted. 

* 20. A pillar is made of portioD.s 
of 4 cylindrical marble columns » 
arrafnged (in section) as a square. 

The equal columns are just large 
enough to pass through the centre 
of the pillar, A tapfe measure, 
stretched tight, gives the girth as 
7 feet. Tha pillar is 20 ft. high. 

1 cu. ft. of Liarble weighs 70 lb. 

What is tlie weight of the pillar ? 
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* ♦ 21. OA, OB and OC are conterminous edges of a parallel- 

epiped. 0 A - (r, OB = t and OC - 

Z.BOC-90°, /.COA = 60°» and ZAOB = 45°. 

What is the volume of the parallelepiped, and what is 
its surface area ? 

r^amids. 

22. Draw a circle with radius 10 cm. 

Calculate the circumference of the cir»:ile, 

(calculate the area of the circle. 

Cut it out and make a straight cut along one radius from 
circumference to centn;. 

Roll the paper round to make a hollow (;one with two thick-# 
nesses of paper throughout. Fasten it wit!) paste or gum or a 
couple of paper fasteners. . , • 

What fraction of the circumference of the original circle is the 
circumference of ^he base of the (^onc 'i 

And, hence, what fraction of the l^adius of the original cir^jle 
is the radius of the base of the cone ? 

What is this radius in cm. ? (Check by measurement.) 

What fiaction of the area of the original circle is the area of 
the circular base of tife cone ? 

What is this area in square cm. ? 

What fraction of the arc^a of the original circle is the asea of 
the surface of the cone ? 

Give this area in square cm. 

Use Pythagoras’ Theorem jLo cahnilate the height of the cone. 
(Check by measurement.) •' 

Calculate tiie volume of the cone in cubic cm. 

If a solid cone of copper of the same size weighs 2 Kgr., show 
that the sp. gr. of copper is about 8*8. 

23. Make a “ mathematical drawing ” of a pyramid with a 
square base ABCD and«verttoc V ; the edge of its base is 10 cm. 
and itfi height 12 cm. [Notice that in your drawing th*e vertex 
must be vertically above the middle point of the base.] 

Draw the vertical section VLM, where L and M are the middle 
points of the edges AB and CD. 

Calculate the length of the edge VA (to the nearest min.), and 
check your result by drawing. 

• Calculate the volume of the p^jramid, and tlfti .‘jrea of its total 
surface. 
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24. A pyramid stands on a square base whose sides are 10 cm., 
while the slanting eclges are’ 13 cm. ; find the lieight and volume 
of the pyramid. 

25. A pyramid stitnds on a square base of side b-f) in. ; if its 
height is 9*(iin., calculate its volume, and the total area of its 
surface. Find also the length of om*. of its slant edges. 

26. A canvas conical tent, of (capacity GOO (uibic feet, is to be* 
constructed on a circular base of area IGO square feet. Find* to 
the nearest square foot, the number of souare feet of canvas 
required. 

* 27. VABC is a pyramid on a horizontal base ABC, and vertex 
V, with VA vertical, so that angles VAB, VAC are both right 
angles. BAC is also a right angle. VA 15 cm., BA cm., 
AC = 20 cm. (Calculate the volume of the, pyramid. Also 
calculate the area of the total surface of tin*, pyramid. 

[Note, ^riie N.B. in 41c, 24 suggests a neat way of getting 
the area of the face BVC. | 


* 28. The figure represwits a section of a Minimax ” Fire 

* Extinguisher, called the 10-pint siz(;. It may })e taken as a 
hollow vessel (of thin metal) consisting of 2 cones, 
on the same circular base, whose diameter is FB. 

Dimensions in inches: RF = 23, CS ^-1*3, and 

•circumference of circular base, at FB, *-24. 

^1 gallon = 8 pints = 277 cubic inches about.] 

Calculate FC (nearest tenth of an inch). 

Draw the section RFSB to scale ; measure RC. 

Calculate RC (nearest timth of an inch). 

Calculate the total volume^ '\)f the two cones 
(nearest cubic inch), » 

Find the corresponding number of pints 
(nearest tenth of a pint). ’ 

Calculate FS (nearest tenth of an inch). 

Calculate the total area of the Burfac(\s of tlui two c.oncs 
(nearest square inch). , 

I » 

* 29. ABCD represents a square of paper, 

K and L are the raid points of CD and 
CB, and the dotted liqcs show creiises 
made by folding the paper along AK, 

AL and KL. A pyramid could be 
formed by folding the pa^jer along the 
creases and* bringing Jbhf> edges AB, 

AD together, and also CK, CL against 
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the edges DK, BL. If the le^igth of the side of the square is 
12 cm., calculate t- 

(a) the lengths of the edges AK,-KL ; 

(b) the areas of the separate faces 1., l^^, 111,, IV. ; 

(c) the volume of the pyramid (you will observe that when the 
pyramid is formed the edge AB is perpendicular to the face KCL). 


* 30. A block of lead is bounded by six plane faces as shown 
id the figure. The base TUVW and the top PQRS are rect- 
angular. The slant faces PSWT and QRVU are equal in all 
respects, and so afe the faces RSWV .. 


and PQUT. Certain dimensions arc 
shown in inches upon the figurt'. 
The height is 4 inches. 

Imagine the block to be cut in 
three by vertical planes through PS 
and QR, the central piece to be re- 
moved and the two end pieces united 
with their cut^ faces coincident. 



Sketch the two resulting blocks, showing their dimensions. ^ 
In the block made of the two end pieces P and Q coincide, 
and so do R and S. Imagine this block cut in three by vertical 
planes through P and S })arallel to VW, the central piece 
removed, and^thc U.^o end pieces upited with the cut faces 
coincident. Sketch the two rcsultirtg blocks and show then 
dimensions. 


The volume of a pyramid is one-third of the product of the 
base and the height. Use the blocks into which the lead has 
been rearranged to find the volume of h‘ad in the original block. 

♦ 31. A pyragiid (on a squak3 base with aides 9 inches) is 
8 inches in vertical height. The top is cut off by a hori- 
zontal plane which bisects the Ji*»vis. If the pyramid is made 
of w'viod weighing 60 lb. per cubic foot, what Is the weight of 
the frustum remaining ? 


* 32. A tin cup is in shape the frustum of a Thefign 
right cone ; the interfial diameters of the m- - 
cup at the top and bottom are respectively ^ 
4 inches and 3 inches, and the internal \ 
depth is 6 inches. Suppose a conical piece \ 
added to ihe cup, so as to complete tlie cone. 

Find, by calculation or by drawing, the \ 

height of the a*dded cone and the'height of ’ 

"the whole cone. , • 



Find also how many pints the cup will hold. 
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* 33. Find tiie volume of a hojlow metal cone whose height is 
4' 8" and the dUlnicler of wlioac base is 2' 8". 

If a siniilar cone were of height 4' 1", what would be the 
diameter of its bfj^e ? Calculate the volume of tliis cone. 

If this second cone were cut away from the first cone and 
*the rim of metal left were made into a “ saucer-bath ” by the 
addition of a circular metal ]}late, find tlie volume of the batlv 
in gallons. [1 c. ft. ^ about gallons.] 

^ 34. A sheet of zinc in the sha[)(i of a sec.tyr of a circle of radius 
20" and angle 120° if! bent into a cone ; the cone is cut in two 
at a point I of the way down its height, as nu'asured from the 
vertex ; the larger picc(^ is then formed into a bucket by fixing 
a circular plate to its smaller opening ; calculate, as shortly 
.‘IS possible, the out.side surface of the zinc bucket in square 
inches, and the number of gallons of water that it will hold, 
to" the nearest whole number? 

[A cubic foot of water aiid a gallon of water weigh resj)ec- 
tively about 1000 oz. a^d exuctlj/ 101b. ! 

* 35. The floor of a building is in the shape of a regular octagon 
with sides 10 ft. The walls are 8 ft. high. Then comes a 
pyramidical roof. Tlie total height of the buildipg is lift. 
If people are to be alV)wed 500 cu. ft.^of air, space each, how 

* many people (on a ma'kiraum) should it (contain ? 

*•36. A tin can, in the shape of a frustum of a c-one, (like a 
railway milk can), has upp(.‘r and lower circumferences 53" 
and 55" and is of depth 30". Find its capacity to the nearest 
gallon. I L gallon ^277-2 cu. in* roughly.] 

* 4: 37. A triangle, with sides 5" and b" and included angle 120°, 

revolves round the 5" side. Calculale the ar(?a and .volume 

of the solid generated. 


* *38. A triangle lias sides 10", 17" and 21". Calculate the 
length of the perpendicular, to t|<e longest side, from tlie 
o*ppositc angle. What is the voluim* of the solid giiuerated 
by the revolution of the triangle about its 'longest side '{ 
[Leave tt in the result.] 

Also c.alculate the* area of the triungh^ 

If the revolutions had been about the first* two sides, 
in succe-sttion, show that the volumes would have been 


w ' 


, in. '*and 


94087r 

17 


cu. in. 
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** 39. ABC is a triangle in ,jvliich a = 3", zlB = r)0”, Z.C = 45°. 
On its sides BC, CA and AB respective)/, and external to it, 
are described 3 triangles PB©, QCA atid ARB, sucli that 
QA - AR - 2i", RB BP 2" and PC ^.OQ = 2i". The last 3 
triangles are bent about the sides of the first triajigle ABC, 
and the points P, Q and R are brought together to a common 
pOiut V. Find the volume of the tetrahedron VABC. 


EXAMPLES 45 h (CALCULATIONS. GENERAL CASES). 
Prisms. 

O 1. Into how many pyramids do tlie 1 diagonals of a parallel- 
epiped divide it ? What is th<‘ volume of one of those [)yramidB 
compared to tin* original [)arallelepiped ? 

2. A glass e(piilat(‘ral })rism is of 
length I, and its (‘quilat(‘ral triangular 
edges are a. Oaleulatt^ its volume. *> 

[Hint, (Calculate the perpendicular, 
from A to BC, namely AN, in the A ABC. ) 

c 

* 3. The centres of the faces of a cube arc joined to form a 
regular octahedron. The centre's of the faces of that re^gular 
octahedron arc joined to form a second cube. What is the 
volume of tin*, second c.ubc compared to the first ? 

* 4. A right prism, of height Jf, stands on a base whieb is a 
regular hexagon of side a. Calculate (1) the total area of its 
surface and (2) its volume, a 

* 5. The sides of a rectangle are a and h, ft revolves round 
those sides in succession. Prove that the volumes of the 
cylinders generated pre inversely j)roportional to those sides. 

* 6. A fluted column, whose diameter is 2r, is leaning at an 
angle of flO". The section as it issues from the (horizontal) 
ground is shown. (Tiie corners ar^e the angular 
points jpf a regular hexagon, whose sides are r, 
and the radii of the arcs are all r.) The dope 
length is I ' The top of the ‘column is hori- 
zontal. What is the voliim« of the columr 
above ground t 
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*7. The diagonals of the six fuces of antj parallelepiped are 

drawn and an (irj^egular) octahedron is formed by joining u}) 

their intersections. Wha^ is the ratio of the volume of the 

octahedron to thatDof the paralleh-piped i 
^ ^ 8 . The cross-section of a solid nrism of lemrth I is a semi- 
circle. of radius r. A 
plane, parallel to the flat 
face of the prism^ and 
bisecting the radii which 
are at right angles k) the 
diameters of tlie two 
s(!mi-circleH, divides the. 
prism into two ])ortions. 

5 Give the ratio of (1) the 

total areas of the two surfaces '(including the llat faces) 
and (2) tjie volumes. i 

Pyramids. 

,,0 9. PyiamklH of tlie same v(>lumc‘ are on tfie same base, and 
on the same side of it; what is the locus of their vertices i 
What is the locus if the f)yra.i\jids may be. on either side of the 
base ? 

JLO. A trapezium with ];.\ralh‘l sides u aiuc h [a ;i> h), and per])eu- 
dicular distanc,e between them //, revolves about tlu' side (/. What 
is tl:« voluihe of tlu'. solid generated ? 

11 . In the preceding (piestion, if h; -u, what is the volume i 

12. The edges of a regular tetrahedron are a. (Jaleulatii 

(1) the total area of its surface ami (2) its volume. L(‘avc the 
results ill a surd form. v 

13 . CMculate the area of tlie surface and voliinui of a regular 

octahedron whose edges are a. ^ 

14 . VABC is a pyr;imid. A pdanc XYZ, parallel to the plane 
ABC, cuts VA, VB and VC respectively at X, Y and Z. Prove that 
the volumes of the pyramids VXBC.jVYO-Vaml VZAB are equal. 

15 . ABCD is any pyramid whose centre of gravit}’ is G. * Prove 

that the volumes of the four pyramids GBCD, GCDA, GDAB and 
GABC are equal. , 

16 . Missing out 1 non-adjacent corners of a cube,* show that 
the diagonals o{ the 0 square faces of the cube form a regular 
tetrahedron. If., an edge of the cube is u, what is the volume qf 
each of the 4 pyramids whi»h ^an be cut of! the original cube to 
leave this tetrahedron ? What is the volume of the tetrahedron ? 
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17. The aiicompanying figure, which is not drawn to scale, is 
lyn.metncal with respect to the line EF and'' with respect to the 
jerpendicuhir bisector of EF. Imaging 
;hat the rectangle is the base of a 
icnt bounded by four sloping walls, 

Lnd that^the parts of the figure out- 
iide the rectangle are turned about 
ts rtides to form the walls of the tent ; 
he four walls terminate in a horizon - 
al ridge which stanVls at a. height h 
ver the line EF. You may make a 
aodel from a sheet of paper. The 
^olume V of air-space enclosed l.y the tent is given l.y the formula 
“s'"" ® denotes the area of the vertic^al section 

^hich bisects EF at right aligles. Express V in terms of a, b, c li 
Let A denote the area of the base of the tent and M the area of 
ho horizontal section which biscc^ls the altitude of the tent 
•btain an expresi^on for V in terms of A, M, h. 

Also calculate V when u. — '10 ft., h -- 21 ft., c —.30 ft., h - 16 ff . 

* 18. Prove that the area of the curved surface of a frustum 
of a cone is equal to the .slant height multiplied by the peri- 
meter <h the mid-seption. ^ 

19. A trapezium is shown in the figule. A right- 
angled triangle is made by ])roduc,ing the non- 
parallel sides. The jiroduction e.xactly doubles 
those sides. The trapezium revolves about 

the (vertical) side Wv'iat is the volume of 

the solid of revolution described ? (live the 
result in terms of k only. , 

^ 20. The eight vertices of a (uibc are. 
leaving a regular octagon on each of the 
faces, which wore oT^rgiiially square, 
and equilateral triangfe's al/i.he corners. 

What is the area of the surface and 
the volume of this sol’d, both com- 
pared to the original ? ‘ 

The figure, in which omy ‘i of the 
0(;tagons and 3 completed equilateral 
triangles are shown, gives thp idea. 

Calling the side of the octa 'on ^ and of the cube a, what is 
the relation between s and a i 

[The solid is called a truncat ’ cube.] 



^ truncated regularly, 
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* 21. The middle points of each of the 12 edges of a cube are 
joined to leave '^an equilateral triangular section at each of 
the 8 corners of the caibc ; and a square 
on each of the 6 laces of the cube. |T1 h‘ 
figure shows the plan, but only some (of 
the many) lines are shown.] The edg(‘,s 
of the cube arc a. 

The 8 corners of t)»e cube are cut away. 

What is the volume of one of the 
8 pieces cut away ? What is the volume 
of the solid left ? 

JIow many square faces has it got ? How many triangular 
faces lias it got '{ What is the total area of its surface. ? 

[The solid is called a cvho-octahedron.] 

* 22. A trunc/iteAl octahedron is formed by truncating the vertices 
of a regular octahedron, so as to leave the original faces 
regular hexagons ; consequently, it is bounded by 8 hexa- 
gonal and 0 s((uar(5 fa^’cs. Jn what ratio ate the edges of the^ 
original solid compared to those of the regular hexagons ? 
What is the area of a hexagon compared to the face of the 
octahedron on whicJi it is ? What is the total area of the 
surface of the solid compared to that of the origiiial ? What 

^ are the comparative volumes ? 

[llii.T. (For the last part of the ([uestion.) What is the 
volume of eaidi little pyramid cut oil’, compared to half the 
original octahedron ?] 

* 23. State in what ratio the freight of the pyramid must be 
divided by a plane parallel ij the base, in order to divide the 
pyramid into two parts wdiose contents arc equal to one another. 

p-^- - 2/i 


I 

I 

I 

vS R - • --3h --^R 

* ’I' 24. (1) \ rectangle PQRS (in which PS = 2a and PQ = 2fe) 
revolves .round the side QR. 

(2) An isosceles triangle, with equal sides 6, is cut off 
the corner Q, and fixed on to the corner S, and the 
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new irregular hexagon revolves about the same side as 
before. ^ 

[It is given that .a > 6.] By Row much does the volume 
of the second solid exceed that of the Cornier, if there is a 
complete revolution in each case ? 

• 

* ^ 26. Referring to the figure of the previous question, by 

how much is the area of the surface of the Solid of 
Revolution increased by the transfer.* of the small triangle 
from the corner to the corner S ? 

« 

* ^ 26. DEFG is a cylinder of radius r and height h inscribed 

in a cone of radius R and height //. 

Show that the volume of the cylinder can be expressed 
in the form 

If R and II are both equal to unity, ] 

• find the valufs of V when /i=0, P-1, i 
0‘3, 0*5, 0*7, 0*9, 1 ; plot the graph 
showing the relation of V and h. State 
from the graph the approximate value of h which makes 
F a m'Jtximum. 







* * 27. A conical extinguisher, whose section tJirough the vertex 

is an isosceles triangle with vertical angle 30°, *i8 placed 
over a cylindrical candle wliose diameter is 2 cm., and 
rests so that the point of contact of the candle with .each 
generating line of the cone bisects that line. Find the 
whole inside surface of thcVxtinguisher. 

* ^ 28. It is required to divide a solid right cone into two 

portions by a plane parallel to'the base, so that the surfaces 
of the portions (including the flat faces) may be equal. 
Find the ratio into which the slant sides must be divided 
by the plane. 

* 5|c 29. Two sipt-squares, with equal hypo- 

tenuses PR, are put side by side to form 
the single quadrilateral PQRS indicated. 

The wlwle revolves about the lino PQ for 
one revolution. If the equal hypotenuses 
are 2A;, find the volume of the solid 
described. 
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★ *80. (1) A rectan^i^le, 4 by 3, revolves about one of its longer 
sides for a complete revolution (i e. either about PS or 
about QR). Find the total area of the surface and volume 
of the solid of revolution so formed. [Leave v in the 
answers.] 

(2) The rectangle is cut in half, along a diagonal, and the 
two halves are joined into one isosceles triangle. The 
figure is revolved about PS, or about QR. What are the 
areas and volumes of the solids of revolution ? [Leave tt 
in the answers.] 

(3) Another junction is indicated, the two halves being 
joined into one parallelogram. Revolutions about PS, 
about QR, are performed. What are the 4 answers now ? 
[Leave tt in the answers.] 

Tabulate all your answers. 


★ * 31. The centres of two spheres, with 
radii R and r, are c apart. Find the 
volume of the least cone, which con- 
tains them. 



★ ★ 32. Arhombusrevolvesfirstabout one diagonal, and secondly 

(separately) about the other diagonal. Prove that both 
the volumes of the two solids generated, and the’x surfaces, 
are inversely proportional to the length of the diagonal 
about which the revolution takes place. 

★ ^ 88. A triangle, with sides a, h and c, revolves orce (separately 

and in succession) about each of its three sides. If A is the 
area of the triangle, what are the volumes of the tjiree 
solids generated 1 


CHAPTER XLVI. 

i 

AREAS AND VOLUMES (SPHERES, AND SPHERICAL 
SEGMENTS). 

§ 1. It is difficult to realize (from a 'plane diagram representing 
solidarity) tJmt the area of the surface of a sphere is four- times the 
area of the equator circle. Perhaps the figure, which is from a 
photograph, showing a lawn tennfs ball and a fiv(‘s bhll, with their 
covers on and off, may help you to realize this fact, and to make 
the following more intelligible. fPr should be clearly unde% 

STOOD THAT THE ILLUSTRATIONS MAY EMPHASIZE A POINT, BUT 
THEY ARE CERTAINLY NOT PROOFS.] 
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The area of the surface of a sphere is e<pial to that of a rectangle, 
whose sides are equa^to a diameter and circumference of a ‘ great ’ 
circle of the sphere. 

Circle Area 

vr 


2lJL 


2r 



The following com])arison should be not<‘d : 

$1 ) Aren of a Circle ^^ semi-circumference x semi- diameter. 

(2) Area of surface of Sphere^ w hole circumference x whole 
diameter. 


ijx. 





520 


GEOMETRY 


★ § 2. The figure represents a , section of a sphere and the circum- 
scribing cylinder through the axis of the 'latter. 

P and Q are points on the surface of the sphere, on this 
section. (Later on P and Q, are going to be very close to each 
other.) K and L arc the corresponding points on the circuin- 
cylindcr. PN is perpendicular to LQ. 

We are going to consider the band (or narrow zone of the 
sphere), whose length is 27r. PY and width is PQ. 

[Notice P and Q are ultimately going to be made to coincide, 
so that it is quite immaterial whether we call the radius of the 
band PY or QZ or some sort of average between them.] 

Now P and Q are very close, and when they are made to 
coincide, the chord PQ becomes a tangent ; 
then ZQPO=rt. Z, 
but, ZNPY-rt. Z ; 
from each subtract ZQPY ; 

ZYPO-ZNPQ, 

* and ZPYO -ZPNQ (rt. Zs) : 

and ANPQ are sinwlar : 

PY:PO-PN:PQ; 
hence PY : KY = KL:PQ; 

PY. PQ-KY. KL; 

.* 27rPY.PQ = 27rtfY. KL. 

By taking the next, and the next, and the next, ... etc., bands 
adding, we get at the fact, 

that the Area of a Zone of a Sphere ^ asea of the corresponding 
zone of the circumcylinder.’’^ 

Whence Area of Sphefe == area of curved surface cf circum- 
• cylinder. 

Now the area of the curved surface of circumcylinder 

= — 2TrR X 2R — 4:irR^ ; 

so that Area of Sphere ^ttR^. , 

* It is to be noted that a zone of a ^hgre includes case of a oap of 

a iphore. 
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The folUywituj seelion shmtld be lonsidcreil as an altcrnalivc to the 
'precedi)ig. 

* * § 3. A formal proof of the formula for the area of the surface 
of a Sphere, using the Integral Calculus, follows. '[Of 

course, there are various ways of 
netting round this notation, but 
they are all much the same. It is 
better to learn that powerful subject 
than various tricks for avoiding it.] 

Railius of band of sphere = (‘os 0. 

( 'ircmmference of same = ^ttR cos 0. 

Width of same-i^ 

TT 

Area of spltere^ I 27rH^ cos 0 ^d0 

-27r/iJ2[ 

-47r/?2; 

Area of the surface of a Sphere AttR-. 

* For Zones the proof is substantially the same; 

it is only lujcessary to work^ik^ith appropriate “ Limits. *'] 

§ 4. For the v61ume of a sphere imagine a multitude of py^inids, 
fitted together, having their vertices coincident at its centre O, and 
having their (any-shaped, but very 
small) bases covering the whole surface ^ 
of the sj)here. Now the radius of the 
sphere is equal to the height of any one 
of those pyramids, when their bases are 
raa^e infinitely small. Hence it follows 
that the volume of a sphere is equal 
to the area of i|;s Surface x J of its radius, or, briefly, 

Volume of a Sphere = |jri23. 
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* § 6. In the sanie way as wcpconsider tlie area of a segment of 
a circle as tlie difTerem* e of the areas of a'cjector and a triangle, 
so the volume of a spherical segment, is eonsidcred as the 
diff(‘renee of the volunn's of a splierical sector and a cone. 


6 

For instance, the volume of the spherical vseginent (the 
rliaineter of whose base is AB) is e(jual to tliat of the spherical 
sector (whose centre is O and base-diameter AB) minus the 
cone (with 0 as vertex and with the same base). 

§ 6. The following is an Example of calculation. 

A hemi8[)hciii‘al wkie-gluss is filled^to | depth, Show, that it 
is but little over full. *’ 

The spherical segment HZL=^ spherical 
sector OHZL minus the cone on circular 
base HL and height ON 

-spheric®] cap HZL x . ON 

- area of zone of a circumcylinder x \R 

^ -l.rHR-h) 

^2wltlixlR-i7vr^R-h); 
and, by simplification, this reduces to \Trh\ZR-h). 

Now the volume of the hemisplicrical glass is ; and, in this 
case, 4=|i2; 

whence, Uy substituting, the fraction filled is 

s’*" ^ ^ • 

i-r; • . 

which reduces to and this is little over or j. 
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* § 7, Tf an area revolves roun^ an axis it generates a Solid of 
Revolution. If arei\ is hounded by straif^lit lines, then 
cylinders, eoncs (iijcliiding frusta of eoiW's), or delinite mixtures 
of them, arc described ; and many have already been con- 
.. sidered in the preceding chapter. If the area is partly' or 
wholly, bounded by circular arcs, and if the axis of revolutioif 
[)asses through the ci^ntres of those arcs, the addition (to the 
foregoing) of sphericjtil segments will cimiplete the ])Ossible 
shape of the solid. To find the area of their surfaces, and 
their volumes, is thus only an extension of tlie [)receding. 

[Familiar examples are the following, which may be more 
or le8S‘])erfect, a bell, many products of a ])otter's wheel and 
of lathe. Much fruit may j)e somewhat of this kind.] 

EXAMPLES 46 a (CALCULATIONS. SPEMAL CA§ES). 

1, “ A cricket ball shall weigh not less than five ounces and a 

half, nor more than five ounces aiid thre(‘ (piarters,” . . . and “ it 
shall measure not less than nine inches nor morci than liine inches 
and a quarter in circumfe^nce.'’ • * 

Taking the average weight and the average girth, what is the 
weight in ofinces per cubic inch ? 

2. Find, in millions of scpiare miles, the areas of s])here8 with 
radii Of 1, 2, 3 and 4 thousands of miles, and exhibit graphically 
the connection between the area of a sphere and its radius. 

Use the graph to fill uj) a tablelike the following* 


Planet. 1 

lljuliiiH in niiU'H. • ■Approxiiuato.arranf Bnrfj 

leuin iniles. 

Mercury - i 

.1188 


Venus - 

3814 


Earth - - , 

3958 


Mars *- j 

2158 



The radius of Saturn is qbout 9 times the radius of the earth, 
jriv^the area of Saturn’s surface to 2 significant figure^. 

3. A cubical, cardboard box just contains a sphere (like a, 
lingle golf ball, ^^thout paper, fitting tightly into a box). Whali 
percentage of tlie box is emjAy^ [Give the result to the nearest 
vhole number.] 
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4 . A splieridfxl lump of ice \fith diameter 10 cm. melts so that 
it remains always spherical in shape, while iC's radius decreases at 
the rate of 1 centimctco in 10 minutes. 

Draw a graph to show how the volume^ of spheres vary with 
their radii (and thus how the volume of ice changes with respect 
to fime)^ 

" [Take radii 0, 1 , 2, 3, 4, 5 cm. to fix points for the graph.] 

From the graph determine after wha|/ time the volume of the 
ice will be ojic-tliird of what it was originally. 

[You may assume that the volume of a sphere ecpials 
4*2 X (radius)***.] 

5 . A sovereign’s worth of half-c.rowns is melted down and 

cast into a single splierical ball. If the half-i^rowns arc assumed 
to make a singhi solid cylinder of height 0*67" and diameter I •28'', 
what is the diameter of t he ball ? [Give the result to the iiearest 
hundredth of an incli ; for, at most, the data do'not warrant a 
greater pretence to accuracy, and the relied of a real half-crown 
is ignoril.] ' « 

6. A tall cylindrical glass vessel has a capacity of somewhat 

over a litre. The internal diameter is 7 cm. It is to be graduated 
throughout (up to 10()() cm. cm.) to show differences of 10 vai, cm. 
How far apart iliust the graduation miMrks be made ? * • 

Into it water is j)ourcd uj) to the 530 cu. cm. mark, and 105 
brass si)hcres of diameter 2 cm. are put into the vessel. To What 
mark will the water rise ? ( Recollect that the graduations 

show differences of 10 cu. cm., and in consequence yo^li need 
volumes correct to 10 cu. cm.*l 
« 

7. A piece of soap, 8i)herical in shape and 5^ in. in diameter, 
dissoj^es in a bjith until its diameter is 3| in., keeping spherical 
all the while. What volume of soap is di.ssolved, and what is the 
area of the piece of soap after immersion ?• 

What would be the size of a spherical cake of soap made out 
of the soap which has b^en wasted ? , 

8 . A hollow spherical iron shell is to have an external diameter 
of 10 cm. and is to weigh 3 Kgr. , 

The sp.^gr. of iron is 7. 

(а) Taking the outside diameter as 10 cm., find the volumes of 

ghells which have thicknesses 1, 2, 3 and 4 cm. : 5 espectively. (Do 
not substitute for Jtt.) • i * 

(б) Taking tt as find the weights of those shells in grammes. 
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(c) Draw a graph to show hot^r the weight of the shell varies 
with the thickness Ui the shell. 

(d) Use the graph to determine what should be the thickness 
of the shell if it is to weigh 3 Kgr. 

9. An Association football should be truly sphericf^ witli a 
girth between 27 and 28 ino%cs. Does a ball of average girtJf 
contain more or less than IJ gallons? [1 gallon -277 cu.^in. 
about. Use logarithms.} 

10. Two spherical sdap-bubbles with the same thickness of 
surface, and with diameters 2" and 4", combine and make a single 
spherical soap-bubble with thickness of surface J that of the 
original. What is its diameter ? 

* * 11. Two spherical iron shells X and Y are made : 

^ has external diameter 10 pm. and the metal is 2 cm. thick. 

Y has exWnal diameter 12 cm. and the metal is 1 cm. thick. 

The sp. gr. of iron is 7. 

If both arc empty, w4iich is the heavier and by how much V 

* If both are full of water, which is the heavier and by how 
much ? 

* 12. Find the radius of a spherical balloon made of i<300 sq. ft. 
of skin : find also tlie weight of the* gas, •given that it is 
*0*0000895 times as heavy as water. [Take the weight of a 
rf'ubic fo*ot of water to be 624 lb.] 

* 13. A cubical box with a lid will just contain a solid sphere of 
radius 8". Find the volume of the box, of the sphere and of 
the vacant part of the box. ^ • 

The sphere is cut into eight equal sections thrtfUgh its centre, 
so that each section fits into a corner of the box where it is 
fixed. Find the distance Uetween the nearest points^^f two 
diagonally opposite sections, and hence find the radius of the 
largest sphere which can be fitted inside the eight sections. 
{N.B.—The diagonal of the box can^and should be shown to 
be y768 inches.) 

^ 14. The distance of the Sun is more than 90 million miles, and 
the radius of the Earth i^s less than 4 thousand miles. Koughly, 
^hat fraction of the Solar radiation is received by ^ic Earth ? 

[Hint. The distance of the Sun is so enormous compared 
to the radius* of the Earth, and the data are clearly rough too, 
that it does perfectly weil ft) consider that the Earth appears, 
to the Sun, a circle of 4000 miles radius.] 
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♦ 15. A hollow buoy ia made «f sheet steel, and 
are those ahown. f 

The base of the buoy ia par£ of a sphere 
and the upper portion a con<i which tbuches 
^he sphere. 

Tlu^ ste('l is J inch thick and has a density 
of 480 lb. per cubi(‘- foot. 

Assume that the dimensions are mean ” 
values between tjie internal and the external, 
and find the wciglit of the Inioy. « 


its dimensions , 



^ 16. Sup])ose that roughly the radius of Mars is 2000 miles, 
and that a cap of snow stretches all round from the pole 40°. 
Find the approximate area of tliis caj). 

♦ 17. The covering of an umljrella forms a ])ortion of a sphere * 
of 21 in. radius, the area of t)ie cover being lOOO sq.nn. Find 
roughly the area of the ground sheltered from vertical rain 
when the stic.lj.is held u])right. 

(rive the result in square feet to* one significant figure (and 
no further). 


♦ * 18. A .muddy Association football (circumh'ronce 27i 
iTicltes) is kicked against a wall, and leaves a circular mark 
of diamettr 5 inches, flow n^pich was it compressed ? 
What was the volume before impact and the minimum 
volume ? • * 


* * 19. A spherical nu'lon stands 20 centimetres hi}^h, and 

consists of inedible rind (1 cm. thick) outside, and an 
em|)ty spherical s])ace fnside of radius 4 cm. : the rest is 
e<lii)le. * 

(u) What volume is edible ? 

^ (b) How much per cent. *is this of the whole volume ? 

(c) If the si)ecific gravity of the rind is 0-8, and of the 
edilde part 0-9, what ia the weight of the melon ? 

{d) If it ia cut ijito 10 slices, what is tlie total area of the 
surface of 1 slice ? » 

♦ * 20. A hemispherical bowl, weighing 280 grammes, and with 

diameter 12 om., is floating on, water. To what depth is 
it iivmersed 'i 

[N.ft. Find aiivcquation to determine this depth. Let 
it contain tt. It shd^dd be a cubic equation. Clearly only 
an approximate ansi^^er i!, ap])ropriate. *So give t an 
approximate value. GiVe the depth to the nearest half cm.] 
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EXABIPLES 46 h (CALCULATIONS. GENERAL CASES). 

1. A hemispherkfil lump of putty is squashed into a circular 
disc, the diameter of the disc being double that of tlie hemisphere. 
If r is the radius of the hemisphere, calculate the thickyess of the 
disc. 

2. A boiler consists lof a cylindrical body with hemispherical 
ends : show that its yolume may be e.f[)r(!ssed in the form 

-^(3l~2r), where I is its total internal length and r its internal 

radius. 

Furthef, find the necessary internal lengtli for a boiler of this 
shape and radius 50 cm. if it is to hold 20<X) litres. 

3. A sphere is inscribed in a cylinder, l^rove that- 

(1) the volume of the former is j; that of tlu^ latter, 

42 ) the area of the surface of the former is (tlso the total area™ 
(including the flat (uids) of the surface of t he latter. 

[Archimedes (roughly 250 j?.c.) disco vertMl t his; it is said 
that he directed his friends and relatives ^o place upon his tomb 
a i*eprhsentation of a sphece and circumscribing*cylinder, together 
with an ir.#cription giving this ratio. Doubtless he regarded this 
diilcovery as the greatest of his very many achievements. His 
mathematical genius has perhaps not been surj)assed.j 

4. ACB is a cap of a sphere. iA ami 
meter of its plane surface, and (5 is the 
central point on its curved surface. 

Show that the area of the cutved sur- 
face of the cap is equal to the area of 
a plane circle who^e •radius is equal to 
the chord CA.* 

[In particular, notice that the ai^a of 
the curved surface of a hemisphere is 
equal to the area of a {jihne) circle 
wb^se radius is CX. Again the area of 
the surface of a sphere is equal to the 
area of a ('plam) circle with radius CZ. 
cases of the senaral theorem above.! 

* Established by Archimedes. Sec note on preceding (luestion. 
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* 5. The Sun and Moon arc^ approximately spherical ; but, 
being so far from the Barth, appear to be^s circles in the sky. 
it happens that their distances are such as 
to make them appear to be about tl'O 
same size, 

• Suppose that they arc aj)parently exactly 
equal Vn size, and that, at a certain phase 
pf an eclipse of the' Sun, the edge of the 
Moon appears to ])ass through the (fjntre 
of the Sun. What decimal of the aj)pai- 
ently circular disc of the Sun is obscured ? Give the result 
correct to one aignilicant figure and no more. 

* 6 . How far from the surface of a sphere must an eye be to 
see ^ of its surface ? 

y. 

Using this result, draw a graph to show the positions of the 
eye, so that J, \ etc., of its surface may be seen. 

* 7. A cube, wi^ti edge a, is boundefl by a surface Inade of^a 
membrane which can assume any shape, but which miist 
maintain the same thickness always. 

The cube is blown (like a soap bubble) into a spherical 
shape, the are^ of its surface being ^tialtered. ,, 

What is the diameter of the sphere ? Is it more or Ihss 
than J greater than the edge of the cube ? * , 

* 8. A sphere and a cube have the same volume. Express the 
diameter of the former as a percentage of the edge bf the 
latter. Give the result asca whole number, and no further. 
To the sarye degree of acctiracy, compare the areas of the 
surfaces of the originals, taking that of the cube as 100. 

* 9. ?ne floor of a box is coiufdetely covered with equal marbles. 
Above is a layer, of exactly the same size (so that the marbles 
are vertically above those in the layer beloW, and do not sink 
into the interstices bottweep marbles). A third layer follows. 
Whaji is the diameter (compared to that of a marble)* of the 
largest ball-bearing that could trickle down from the top to 
the bottom of the box i If water were poured into the box, 
until its surface were level with the top of the top layer, W^at 
is the percentage of the volume of water and the volume of 
marble in the whole box ? [Give the former result in surd 

.* form, and the latter to the neare^st whole number^ N.B . — The 
marbles are arranged squarely and not hexagonally.] 
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♦ ♦ 10. Show that the area of the surface of the zone of a sphere, 
between latitudes A, and ^,*i8 given by 27r^2(8in X), 

wher(j R is the* radius pf the sphere. 

Draw a graph to show the variation in tlie area of belts, 
of width 10° of latitude. From the graph determine the 
latitudes of the boundaries of a belt of 10°, whose aTe;i is 
. 27rjK2(0-085). 

’i' ^ 11. Show that tlie volume of a cap of a spliere, betvieen 
latitude A and the (^ole, is given by ^rrR^{] sin A)2(2 H sin A), 
wliere R is the radjns of the sphere. • 



^ * 12. Foil? equal spheres are* arranged <‘ither (1) as a square 
or (2) as tin; rliombiis shown. A box, with |>lane surfaces, 
and of height ejpiaU-o the diameter of a sphere, is made tow»^ 
contain them. If / is the radius of a sphere, give the 
volumes of the boxes in each case. Which is tluj larger ? 
Give the excess of the volume of the largc^r over the smaller 
as a percentage of^the smaller, corirect to one significant 
figure. • * 



^ ^ 13. An equilateral triangulaf frame, strengthened at each 
of its corners by angle-pieces, just holds 15 equal balls for 
the game of Pyramids. The height of the frame, and of 
the angle-pieces, is exactly equal to the diameter of a ball. 
What jjercentage of the frame is empty ? Civ* the result 
to the nearest qujirter. 

[iV.B^-*Both TT and v'.'i come in. Do not substitute any 
numerical values for lhe*se, until the very end.] 
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♦ * 14. A closed cylindrical box, to contain i equal metal spheres 
of radius r, is to be made. ^ 

(1) The first plan adopted to have all four spheres 
arranged as a square, as indicated, 'flui lieight of the box 
is exactly equal to the diameter of 
a 8])here. What is the total area 
of ihe surface of the (closed) box ? 

(2) The second plan adopted is 
to put three vS|)her(;3 as an equi-#. 
lateral triangle,, and then to make 
the cyliiulrical box just tall enough* 
to allow for the Ith sjdiere resting on these. What is the 
total area of the surface then ? 

(3) In the tliird |>lan, the 4 spluues are melted up and 

cast into a single* cylinder, whose height and diameter are 
the same. What is the total area of the surface of the 
box which would contain it ? • 

Uepre.senting the material needed for the box, in the 
first case bjf lUO, ex[)re8S (to tl^i^. nearest whole number) 
the amount m'cded in the other two cases. • 

['Fhe thickness of the material is the same in all cases.] 



Spherical Sl^gments. 

^ 15. A sphere, with radius R, is divided 
by the })lane AB into two spherical 
segments. The height of the snialler 
is h. What is the ratio of the volumes 
of the two segments i 



♦ 16. In the j)receding example what is the ratio of the total 
areiCs (including the plane face in each case) of the two seg- 
ments '? 


* 17. A spherical segment (like a plano- 
convex lens) is indicated in*the figure. ^ — 

P'ind'its vojume in terms of h and r. * 

* 18. The radius, which is perpendicular to the plane face of a 
hemisphere, is bisected at right angles 
by a plune parallel to the former. 

What is the ratio (1) of the areas 

t (including the plane faces) of the two 
portions and (2) of their volunfes \ 
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^ 19. A hemisphehcal wine glass is filled ti) 
half depth. Sho^ that* is less than J full, 
as far as volume is concerned. What is the 
exact fraction of its volume that is full ( 



^ 20. A thin saucer, df diameter 2r, has a maximum depth k. 
This sauc(‘r is a se^ymmt of a s])hcre. •(.‘alculate the area of 
its surface (inside and outside). It is lille<l to the brim with 
water. What is the volume of the water { 

[Hint. First calculate the radius o( the \vhoh‘ sphere, of 
whicl^,tlie saucer forms a part.] 

^ 21.. If r is the radius of the nlane face of a plano-convex lens 
(see the ligure of Question 17), and h its maximum thickness, 
what is the total area of its surface ? 

• 

•I** 22. Every generator of a cone, with semi-vertical angle 60°, 
touches a sphere of radius r. What is the volume 
between the two ? 


23. A S(|uare, ABC9^ luis sides r. A and*C are the centres 
of two equal spheres with radius r. What is tlie volume 
of tiie portion common to bt)th splieres ? 


* * 24. A hollow cone, of height h and base 
radius /, has an open mouth, and is put, 
like a dunce’s cap, on a s])h{*re of 
radius R. 

What is the volume, contained between 
the two ? 

[N.B . — It i?. to be assumed (as is indi- 
cated in the figure) that the cap is too 
gmall to fit over the sphene (filming a 
tangent cone to it).] 



’I' * 25. Dry sand issues ^from a small aperture and falls on to a 
horizontal table, when a cone of height h, and base-radius r, 
is formed. This sand is swept into a hernispTierical bowl 
of radius? R. It is shaken so that the top surface is flat, and 
then i^ is found that ^he maximum (ie])th of sand is* k. 
Show that k^3R ~k)- ^h. 
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♦ ’i' 26. A hemispherical washing-basin, with radius (external) 

R and thickness k, rests in a 
circular hole, of radius r, in thc^ 
washing-table. Water, to a 
maximum dej)th A, is poured 
into the basin. What is the 
height, above the table, of tl>e levt;! of the surface of the 
water ? 

^ ^ 27. Two spheresjiavc joined, like two soap bubbles coalescing. 
Their (;entrea arc h apart and tlie radii 
of the (incomplete) spheres arc R and 
r. What is the volume ? 

[Hint. Call PN and QN=c, 

AN - BN — A. These lctt(!rs arc to b(‘ 
left in the answer. It is perfectly 
possible to e,liiniuate these hdters 
and to give the answer in terms of h, R and r only ; but 
the general Gallic is not neat. | 

^ * 28. Determine the volume of the 
concavo-convex lens shown. Tlie 
thic.lftiess of the l^*ns (at the outside) . 
is p. The Whole lens is cylindrical 
in shape with radius k\ Other 
dimensions are indicated also. ' ' 

♦ ♦ 29. A lime, shaded in the figure, is described. * 

The radius of the corfv^ex semicircle is /, the distance 
between* the horns is 2r, the mid point of that 
distance is the centre of the (convex) semicircle. 

'Bfie radius of the concave ar6 is ry/2. 

The whole is revolved about its axis of symmetry. 

What are the area and volume of Dift solid of 
revolution ? r. ^ 

• 

♦ ★ 30 . The shaded lune revolves round its 

axis of symmetry (the line bisecting 
perpendicularly the join-of-the-horns-of- 
thc-liftie, which is 2r long). The radius 
of the larger circle is r\/2, and its centre 
• is on the semicircle, whose r^idius is r. 

Find the volume of the solid gerlerated.. 
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^ * 31. Water, to a maximum depth k, is in a hemispherical 
basin of dianieter 21{. A cylindrical glass, of radius r, 
floats in the water. ,The glass is weighted with water, 
so that the gl|Lss is immersed vertically to a depth h. 
[^< height of glass.] Show that the rise of the water 
line, in the basin, is given by K -k, where 
/v2(3/2 - kH^R - A*) + 3r2//,. 



CHAPTER XLVtT. 

AREAS AND VOLUMES (RELATIVE). 

§ 1. Jn this chapter the Areas of the Surfaces and the Volumes 
of Solids are considered relatively. 

Now, of course, all these are really relative. When we say 
that the volume of a body is 3 (*ubic inches, we are'ineasuring its 
volume relative to the well-known cubic in(5h (derived directly 
irom the British standard yard, cstabfiHhe<l by law). When 
comparison is not made with a legal standard, in such a case as 
“ This glass holds twice as much as that,” they are classed as 
relative iiAhis chapter 


§ 2. The same properties, in regard to magnitude, which belong 
to solids bounded by jdane fat es, apply equally well to, solids 
bounded by curved faces. Eor proof it only means that the 
bases of the p^vramids (into wliicli we can imagine them decom- 
posed) must be taken infinitely small, and tiiat there must be 
an infijfirc number of such. * 

Thus the Areas of the Surfaces of similar solids vary as the 
square of their linear dimensions, and the Volufnes of similar solids 
vary as the cube of theif linear dimensions. , 

In ga*uging uireas and volumes, especially from models, it is 
important to get these two facts clear. 

§ 3. You should notice that, in comparing thq magnitudes of 
two things, similar in shape, it is not necessary ^and generally 
unduly laborious) to find their sizes separately. 
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5 4. As an instance of Relative^ Areas and Volumes, consider the 
following : 

An exact model is mad^ of a room and its contents, on the 
scale of 1 : 10. Notice that the poker length, the carpet width, 
the door height, etc., are all reduced in the ratio 1 to 10 (for, it is 
a question of 1 dimension i» each case). However, tlie area of 
the table-cloth and the amount of paper for the walls are reduced 
in the ratio 1 to 10®, or f to 100 (both being a question of 2 dimen- 
sions). Again, the voluAic of the air, the weight of one of the chairs, 
the amount of coal in the coal-scuttle, etc., are all reduced in the 
ratio 1 : 10®, or a thousandfold, (a question of 3 dimensions in each 
case). 

§ For EKample the diameter of the Sun is about a hmdred 
times the diameter of the Earth. 

Hence the volume of th^ Sun is about a times the voIuipa, 

of the Earth. 

[1003-1,000,000.] 

[To realize how enormous the Sun is compared to 'the Earth, 
yc*u ii\ight know that, ih the Earth were situated at the centre 
of^a hollo^' sphere of the same size as the Sun, there would be 
ample room (and very much to spare) for the Moon to circulate 
roun(> the Earth, in her proper orbit, all inside the hollow 
sphere.] 


EXAMPLES 47 (CALCULATIONS. SPECIAL CASS'S). 

0 1, There are^tvvo spheres, and the diameter of the former is 
twice the diameter of the latter. In what ratio are (1) the areas 
of theif surfaces and (2) their volttnes ! 

0 2. Extracts from laws of Cricket and Footbtill : “A cricket 
ball shall measure not less than nine inches or more than nine 
i miles and a quarter in circumference.” “ An Association foot- 
ball must be a perfect 8j)here from 27 to 28 inched in circum- 
ference.” Taking the circumference of the latter to be exactly 
three times, that of the^foijmer, what are their comparative 
volumes ? 



536 


GrEOMETRY 


O 3 . A cubical box (like a v{jry large biscuit box) has edges 
each 9 inches long. 

Either a single sphere (of diameter# 9 inches) is put in, or the 
box is packed full with little spheres (eachiof diameter 1 inch), 
with 9 layers (there being 81 of these little spheres in each layer). 
If the big and little spheres are of the same material, which is 
tjie heavieV load ? 

6 4 . Each of the six edges of any tetrahedron is trisected ; 
and from eacdi of its fouri corners a little tetrahedron is cut off, 
by planes through the three points of trisection adjacent to the 
corner. What is the volume of the solid left, compared to the 
original ? 

5. A metal sphere is of radius 10 cm. ; if this is melted down 
and recast into spheres each of radius 1 cm., how many of these 
small spheres can be made ? In what ratio will the total surface 
be increased ? 


6 . The de])th of wine in a eouical wine-glass is 
I of the depth of the glass. Show that the glass 
is but littk^more than Ijalf-full. 


7 Two similar electro- plate eiq^s arc^ made of heights < and 
5 inches. Show that the volume of the former is but slightly more 
than half the v(jlume of the latteA If they are plated to the same 
(and not proportional) thickness, wliat is the percentage of the 
plating the former compared to the plating of the latter ? 

[There is no reason whatever to suppose that the cups must be 
cylindrical. They need not be. You shoidd notice that the 
problems proposed in the first part of this question and the 
preceding question, math<?matii:^ally, are the same.] 

8 . Three metal globes, of diameters 3", 4" and 5", are put into 
a bath containing water, and arc totally immersed ; the rise in 
water level is noted. They are taken out and a single metal gltiiu', 
of diameter f)", is put into the bath ; again it is totally immersed. 
Compare the rise in the water level in the first and. second cases. 

‘ 9 . Three leaden spheres, of diam 4 ‘.t€y:s 3", V and S'", are melted 
up and cast into a single sphere. What is its diameter ? 
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10. Three spherical soap bubljjies, with diameters 6 cm., 8 cm. 
and 10 cm., combine to make a single spherical soap bubble with 
volume unchinujed. Vhat its diameter? What is the ratio 
of the total surface arf a before and after ? 

11. Two spherical soap bubbles, with diameters 3 cm. and 
4 cm., combine to make a single sjdierical bubble, with sutface 
area the same as that of the iotal of the other two. What is iia 
diameter ? Also wliat is tlie ratio of the sum of the original pair 
of volumes to the final volume ? 

12. A modcil, oi\ tlie scale 1 : 10, is made of an engine. If the 
model weighs 5 lb., what would b(‘ the w(‘ight of a modi‘l of the 
same engine, on the scale 1:9? (live the result to tlui n(‘.arest 
ounce. 

* 13. A billiard ball (with diameter 2^V') and a pyramid ball 

(with diameter 2") are made of exactly the same sort of material. 
Express the difference of their weight us a percentagci of the weight 
of the larger, correct to om^ significant figure (and no further). 

14. An exact model ismiade of a ship, on t^e scale of | inch 
to H foot. In what ratio are lengths, areas and volume's respec- 
tively reduced ? If tin* area, to be painted, of one funnel of tlu* 
model is 165 square inches, what area of ])aint is lu'cessary for 
the corresponding thing on the real ship ? 

*15. Two sticks of sealh\g-wax are ]>recisely similar in shape, 
.but difi^rent in size. Of the larger, 10 go to the lb., while 
of the smaller 40. Give the length of the smaller as a per- 
cerjiage of the larger, to the nearest whole number. 

* 16. A golf ball of diameter ] •62'' weighs 1 *62 oz. If the 
diameter of a similar ball were 4*65", what would .))e the weight ? 
[Give the result to 3 signifh^ant figures, and no further.] 

* 17. “ An Association footbilll must Ixj a perfect sphere from 
27 to 28 inches in circumference.'’ Ily how much i)cr cent, 
is the volume of the maximum ball greater than the volume 
of the ball of average circumference ? Also give the extra 
area» of the case as a percentage.' 

Is the volume of the ball of average circumfoirence hiore or 
less than the average volume of maximum and minimum balls ? 

“ A cricket ball shall measure not less than nine inches 
or more than nine inches and a quarter in circu'mference.” 
By how much, per cent, is the volume of the maximum ball 
greater th^n*the volume qf the ball which has the average 
circumference ? Give the result to one significant figure. 
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♦ 19 . Tliree similar hot- water oiins 
have their lengths in the ratio 
8:9; 10. What is the ratio of 
the area of metal composing 
each ? Also what is the ratio of 
their ca])a(‘aties ? Express that 
of the largest as 100, and give 
each to the juarest whole 
number. 

♦ 20 . 1’here are 3 hot-water cans of exactly the same shape. 
[See figure of Que.stion 19 . | The sizes are 1, 0 and 8 |)ints. 
trive the ratio of their (iomparative lengths, taking 100 as the 
length of the gniatest. What is the ratio of the comparative 
areas of their surfaces, taking UK) as the area of the great e.st ? * 

’►21. 2 teaspoons — 1 dessert spoon. * 

2 dessert spoons 1 table s})oon. 

So runs the usual com})arison by chemists. 

Assuming tHis to be accurate, artd that tluuc' are 3 spoons 
of precisely tln^ same pattern, what are tlnur relative IwigtTis, 
taking 100 for the largest ? Give results to tin* nearest whole 
numbej only. 

♦ 22. Two })arc^el8 f(/t the Parcels Po^^t are precisely sirvilar in 

shape and material, but not in size. They are wrapped up 
in brown paper and tied up with .string. If tluur heights are 
4 lb. and 5 lb. respectively, give the relative amounts of brown 
paper and string used, both as percentages of the largewto the 
nearest unit. . 

♦ 23 . In the de.sign of a ship, whose real length is to be G30 feet, 
a model on the scale J in. to the foot is made. If her beam 
amid3hi[)S is to be 70 feet, wviat should be the length and 
breadth of the model ? What is the ratio of com])arative 
lengths in the real ship and her model ? * H one of the decks of 
the ship has an area 34,560 sq. ft., what is (for that deck) the 
deck area of the mod(!l ? the tonnage of the ship is^7,650, 
what is the tonnage of the model ? 

■ a il (il 

4 * 24 . Four weights, 1, 2, 4 and 7 lb., for Parcels Post are exactly 

' similar. Taking unity as the e(jgf^of the bastf of the smallest, 
what are the corresponding measurements on the others ? 
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^ 25. A hoarding has an advertisement on it, 10 ft. by 8 ft., 
showing a man holding in his hand an exactly similar paper 
2 ft. 6 in. by 2 ft. On tjiis there is again the hand holding the 
advertisement reduced in the same ratio as before. And so 
on ad infinitum. Show that the area of the fifth copy (sixth 
in all) is less than one millionth of the original. 

^ ♦ 26. A s(!t of three preftsely similar spoons is made with 
relative capacities indicated in the Question 21. They>are 
electro-]»late. Ex{)re8s the relative areas plated, taking 
100 for the largest, and giving results only to the nearest 
whole number. 

♦ ♦ 27. Two bottles are precisely similar in ahape, but not in 
size, fit is supposed that the thickness of the glass is 
proportional too.] The former is a “ whole ” bottle, and 
the latter is a “ half ” bottle. Tf the former is 11 J inches 
*high, how high is the latter ? [Give the answer to the 
noar(;st eighth of an inch.] 

^ ♦ 28. The sanu? two battles are labelled sii>ilarly. Tin? are^ 
of the label on the “ whole ” bottle is 14 sq. in. ; what 
should b(‘. the area of the label on the “ half ” bottle ? 

* 29. The sizes of barrels of guns are di'signated according to 
tjie weight of a solid spherical lea^ bay which just fits 
them, and hence th^ir diameters vary inversely as the cube 
roots? of their numbers. In the case of a 12-bore, the ball 
fitting it weighs 12 to the pound, and measures 0-729 inch 
iti diamet(‘r. Ounce bullets (No. 1C) fit into a IC-bore 
gun of ... . What is the diameter, in inches, of such a 
gun ? 



CHAPTER XLVIII. 


PLANS AND ELEVATIONS. 

§1. Monge (a French inatlicinaticum of about 1800) mvont(Ml 
tlie method of representing solid bodies (siieli as houses, fortifi- 
cations, etc.) by their plans and elevations, on flat paper, in such 
a way that accurate ineasurenients could be made from them. ‘ 
Befor(‘ his invention he had been received as a draughtsman and 
a ]mpil in the ])ractical school attached to the military school at 
Mezieres. The Frencli Army authonties, at first, refused to 
'deceive liis solution for iln^ “ defilement ” of a proposed fortr«is, 
because it had not taken so lota/ as the qlficial titne, allowed for the 
job (which had hitherto involved long and tedious ])rocesses). 

§2. The real eWnce of the problem is the rejjresentation,* on 
tha flat, of a ])oint in space. 

Now you will see, in the ligure, that the position of the })oint P 
is uniQUely determined, if we know HM, HL and HO. 



Hence, all we have to do is to fold about OA and to represent 
HM, HL and HO on the flat. The p6sition of P can thel^.be 
recovered. 

Figures, from which to work, and from which measurements 
can be made, are required by Engimeofs and Architects, who draw 
640 
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Plans and Elevations. In the plan we 

have projections of » points on to the 
Horizontal Plane (JI.IJ.) ; in tin elevation 

the projections of points on to a Vertical q H ^ 

Plane (V.P.)- In practice a front eleva- 
tion, and often a side elevation, is used. * • 

The junction of the front vertical plane liyi 

and the horizontal plane is often called ^ 
the XY-line. • 

[In the figures, M is the “plan” of P, L is the “elevation” 
of P, OA is the XY-line.] 


9 

rL 

H 


t 

■M 



the exception of the Front Elevation these are not the actual 
figures to draw (the real plan etc. is not drawn sloping like this). 

[You should study this fegure very carefully and detect the 
position of a line missing in the End Elevation.] 
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§3. It is very tiresome to ^raw at all elaborate Plans and 
Elevations without a drawing board and T-sf;uare. 

Below is an example of a correct pkan with front and end eleva- 
tions. It is important to notic.e that, if wc %ave any two of these, 
intersecting lines will give the third. Being given a plan and 
elevation^ we can get back to the original figure. 


< Mathematical 


A 

Drawing 
\ _ 


If -f 

J 



/ vy 


• End F/ont 

Elevation Elevation 






Plan 


§ 4. The true length of lin^s can be obtained 
from Plans and Elevations by putting the hori- 
zontal projection and vertical height at right 
angles. Very frequently it will be netessary to 
draw only*one of these, using the other already 
drawn. 



* Horixontal 
(from Plan) 
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§6. The two Examples wMcli follow show how tilting or 

twisting affects the ;^roblem. 

* 

(1) Draw the plan hnd elevation of a brick, 9* x x 3J*, with 


its 4 1* edges perpendicular 
to the V.P. and its long 
edges inclined at an angle of 
50° to the II.P. t 

Since the inclination \s to 
the U.P., draw the elevation 
on the V.P, first, making 
the 50° all right. Faint 
* lines, perpendicular to XY, 
allow the plan to be drawn 
correctly. Only put in 
dotted lines that whi^^h 
wc.^ld be below, and there- 
fore invisible. . 



1^*2) Draw the plan and elevation of a bric^k, 9 " x x 
with its lifrgest faces parallel to the H.P. and its longest edge 
inclined at an angle of 


30° toMie V.P. 

Since the inclination 
is to the V.P., draw the 
plan on the II.P. tir.st. 
making the 30° all right. 
Faint lines, perpendicu- 
lar to XY, allow the 
elevatibn to be drawn 
correctly. Only put in 
dotjjid lines that which 
would be at the back, 
and so invisible. 



Elevation 


30 ^^"' 


Y 
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§ 6 . How to get elevations in otlier di reckons too is indicated 
in the fig?ire above, where an Elevation inclined at 75® to the 
front elevation if sho(Vn. To avoid tl^e confusion of a tiasp of 
lines, clearly the use of Indian ink for the essential thinf^s, together 
with the drastic use of India rubber, helps ; but for examination 
purposes you need to show the construction lines faint’y (hut 
clearly) y and then adopting di^fferent styles of dotting different 
types of lines. (though tedious, 'if one is ])reH8ed for time) is not 
a bad plan. 

§ 7. The distance between two points, whosci coordinates are 
rt, 6, c and j), q, r, is V(a - p)* f (b - q)^ f (c^)* ; as is easily 
seen if we consider the 'points as opposite corners of q. right- 
parallelhpiped, This fact is often useful in calculation. 
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EXAMPLES 48 (MOSTLY GEOMETRICAL DRAWING). 

1. Three vertical posts, hB, cC, of hoiglit 2, 4, 6 feet 
respectively, stand on liorizontal ground, their lowest points 
A, B, C forming an cqifilatcral triangle of side 6 feet. They 
support a Hat boar<l ^ihc. I'o the scal^. of. 1 cm. “I foot, 
draw the plan ABC and the elevation of ahe on the vertical plane 
through AB. 

Ol)tain from your iigure (showing your metliod) the real lengths 
of the sidfs of tlie board ahc. 


2« The figure shows the plan and 
elevation of a box. Byi> drawing find 
thx? length of a diagonal of the box 
and its inclination to (1) the bottom, 
(2) the side, (S] the end, of the box. 



• 3, A jilane slopes at to the horizontal. A cubical tank, 
without a lid, edge 3 feet, rests on the plane, with an edge of the 
base iTorizontal. Draw, on a scale of an inch to the foot, a side 
elevation of the tank. Draw also a plan of the tank. The 
thickness of the walls of the tanl^ Tuay be disregar led. 

4. The ])lan of a roof (with’out chim- x * Y * 

neys) of an L-shaped house is given. ' 

The centre line i® the ridge. 

ah^-hc — iO it. » • 

The width is 30 ft. The roof is 6 ft. 
high. Draw an elevation when inclined 
at ^ to the XY lino as indicated. 

5. A prism is 3" long. Its two ends are regular hexagons 
with sides 1". It rests with one of its rectangular faces on the 
H.P. and with its axis inclihed at 45° to the V.P. Draw its plan 
and elevation. 
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* 6 . The figure shows the plaA of the roof of a house, ef beinp 
the plan of the ridge and a, h, e, d the pirns of the corners of 


the eaves. The ridge is 16 ft! 
vertically above the eaves. Draw 
the plan to scale, and then draw 
side afid end elevations on vertical 
planes parallel to cd and be respeV- 
'i/ively. 

Determine, either by construc- 
tionorby calculation, (1) the angles 
of inclination of tlie sides and (uids 



of the roof to the ground, (2) the length of one of the four hi)) 
rafters (the plan of one isu/) and its inclination to the ground. 


* 7. Draw a |)lan, front and side 
elevations, of the accom jianying 
building. You may choose any 
proportions ypu like. 



* 8. The figure represents the plan of a roof which consists of 
five 8u;;faces, all inclined to the 

horizontal at |in an^le of 36^". , U 4 o'- f 

The surfaces all pass through ‘p b e 

B, the point where the ridge \ 

))oles BC and DE meet. Draw lA/ V-J-*' 
the triangle CFG and determine ^■■25' ---->■ *76^ 

the height of C above F or G. ^ 

Then give a drawing of oner of 

the surfaces which pass through the ridge pole BC, and deter- 
mine (1) the true length of the^ valley raftei AB (2) the angle 
which this rafter makes with the horizontal. 


9. A heap of stones by the roadside stAnds on a rectangular 
base measuring 10 feet by 4 feet, and the dour faces slant 
upwards at an angle ot’43° 'with 
the *horizoii, the figure being 
a rough sketch of the .?,rrange- 
ment. 

Draw# a plan and elevation, 
the latter being projected on 
. a vertical plane making angles 
65® with the longer edges of thh bhse. 

Find the number of cubic feet in the heap. 
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* 10. A table, 3 ft. by 2 ft., haJ logs at eaeh of its four corners, 
and has a flap, ,3 ft. by 1 ft. Tlie tabic is 2 ft. 2 in. high. 
Draw its plan, with the Ikp opened, and with the 3 ft. length of 
the table inclined .\t 30° to the XY line. Draw its elevation too. 

^ 11. A tub used for greenhouse plants is shown in a rough 
sketch in the figure. It nieasures 2 feet scpiare at 'the base 
and 3 feet square at the top, and its height 
is 2 feet 6 inches. Djaw a plan and eleva- 
tion of the tub. On the same scale draY 
a figure of one of the slanting faces as it 
would look if laid flat on the plane of the 
paper. Find the slant-height (the dis- 
tance b(itwCon the parallel edges) of a 
slanting face, the length of an edge Ruc,h 
as AB, the tof al surface area and the volume of the tub (outside 
ni'easureinent). ‘ 

[The (idgos of the top and bottom squarei? are parallel. The 
line joining the centre?, of the squares is vertical.] ^ 



^ 12. The 1 10 p per sliown by the 
rough diagrams lias a closed 
bottom I foot square, and is 
» o])en af^ the to]). It is made of 
plate weighing 1 lb. per square 
foot. 

' Calculate the weight of the, 
hopper. 



* 13. The side and <jnd elevations of a trestle made of bars are 
shown in the figure. Find graphically the lengths of the bars 


AB, AC, DE.' Measure and 
write down the lengths. 
Draw only (in clear, firm 
li^jes) as much of the Jbrestle 
ks may be required in order 
to obtain the solution. Scale 
one foot to an, inch. 

[N.B.—^ow should > fiiet 
sketch the plan. It must 



Side Elevation ' End Elevation 
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consist- of an outer rectanglV^ ADFG (in which AD-=FG = ‘l ft 
and DF = GA = 3 ft.) and of an inner square PQRS central)} 
situated (with sides 2 ft., P beinf^ near A, Q near D, etc.), am: 
also of twelve lines of which AS, AP and^AQ are a sample. Tr 
the real trestle B is vertically above P, C above Q, also E abov( 
R. each of the two elevations two identical things art 
shown, one exactly hiding the oUier.] 

* 14. Figures 1 and 2 show the end aid side 
views of a shed.* Draw the projection of 
the shed on a vortical plane equally inclined 
to the end and the side, measuring from the 
figure any dirmmsions you wish to transfer. 

[Naturally you should draw this on an 
(Uilarged scale, and should state dmrly 
(certainly mt on the figure itself) in what 
ratio you increase lengths.] 



* 15. The figure shows the elevation and plan 
of a box with pointed roof containing an 
outdoor water meter. Draw a figure in 
ink, s‘riowing the ^ppearanc-e of the box 
when project6d on a vertical planconaking 
an angle of 30° with one of the vertical 
faces of the box. .Also calculate the 
volume of the box. 

[N.B , — The base is .square.] 


Elevation 



Plan 



A B 


Fig.i 


C 



A O B 

Fig.a 


♦ 16. Figi 1 shows the plan and Fig. 2 the elevation of a pyramid 
(forming the cap of a staircase banister post) on a square base 
, ABCD, the elevation being shown in a plane parallel to AB. In 
Fig. 2 (that is, in elevation) ABG is an equilateral triangle. If 
AB find the height of the pyramid and the length of a slant 
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edge. Find also its volume. ; Give the numerical coefficients 
to two significant figures. 

Draw a figure showing, the elevation projected on a vertical 
plane inclined to VB at an angle of 60®. 

Find the area of the square section of the pyramid at a 
height y above the base. 


A 



♦ 17. The figure represents the elevation of a pyramid on a 
regular pentagonal base, the dotted line being the axis. The 
view is taken looking North. Draw the plan. Also draw 
(1) the elevation looking East, (2) the elevation looking West. 

[Hint. You should 'first draw the correci'base ABODE.] 

1 18. Three equal hemispheres of diatnet(!r 10 cm. are placed 
symmetrically with their centres 12 cm. apart on a rough 
horizontal table; Jind a sphere of ecpial diameter' is placed 
gymmctrically so as to* be supported by’* the hemispheres. 

Draw^ a figure in plan and elevation. 



* The figure shows a triangular pyramid ABCD in plan and 
elevation. By pricking through, or otherwise, transfer the 
figure to your paper. Find the true length of AD. Draw 
the slan^^ face ABD of j,th^ pyramid, and find the area of the 
face ABD in sq. cm. 
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★ ♦ 20. A zig-zag path ABC riivjs in two straight portions AB and 
BC up the sloping face of a railway embankment, A bein^ 
at the foot and C at the toj>. , 

The two portions of the path 
are shown in plan (ah, he) and 
elevation {a'h\ l/c') in the figure 
b/’ the dimensions written on it, 
tlie figure not being drawn to 
scale. Draw a plan to 8(;ale, andf, 
on it draw thr line in which the 
plane face of the embankment ' 
meets the horizontal plane ; hence 
determine the* angle which tliis plane face makes with the 
horizontal plane.. 




♦ ♦ 21. A writing desk is placed in an oblique position in a room, 
and its projections on two walls at right angles arc^ shown 
in the figure. Draw figures in ink or dark pencil showing 
the desk in plan and iffy side and front elevations. Alsc 
calculate the area of the slant fa(re of the desk and itF 


ipclination to the horizon. 

♦ ♦ 22. A wedge-shaped frame, 
used for running cars down 
a step, is shown in the 
dimensioned sketcu. On a 
suitable scale show its pro- 
jection upon each co-ordin- 
ate plane. 

Grive the equation of the 
plane of its slant surface. 



X 



Clll^PTER XLIX. 

SOLID ANGLES. 

§ 1. By this time we have got quite a clear idea about “ solid 
angles ” as the corners of solid figures ; and the corners of furni- 
ture, familiar from our childhood, make us aware of them. The 
figures of the models of regular solids (on page 4(>5) give us 
examples of various solid angles, and clearly some are greater 
than others. 

Solid angles niay be bounded by 3 or more (not leas than 3) 
plane angles ; and, to fix our idtnxs, a solid angle, .bounded by 
the 3 plane angles 60°, 70°^and 80°, might !i« coij^tructed out of 
stiff pap(‘r. Draw a circle *of any radius (about 2" does well). 



Mark off, in succession, the plane anglps 60°, 70° and 80°. Allow 
for a considerable amount for joining (called the fljinge in The 
figure). Cut along the full lines, and bend along the dotted lines. 
Gum t/i® flange and fasten if on to the adjacent angle. A good 
model is then made. * 

Solid angles bounded by 3 plane angles are called trihedral 
angles. If solid»angles are bounded by more than 3 plane angles 
they are called polyhedral angles. 

F.G. 111. 551 F. 
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§ 2. Tlie question as to th^ size of solid angles, and the units 
in which they are jneasured, is considered next. Tn the same 
way that we gauge the size of a plane ar gle by tlic length of the 
arc of a circle of unit radius, witdi the angle at the centre, so do 
we measure the size of a solid anf/le by the area it subtends on the 
surface of a sphere of unit radius* wliose centre is at the apex of 
the solid angle. 

An attempt to construct (on the line.> t){ §1) a solid angle, 
practically, with plane angles 100°, 51° and 47°, would soon 
convince us that necessarily two angles of a trihedral angle must 
be greater than the third.* It is equally clear that the plane 
angles of a convex solid angle are less than 4 right angles ; for, 
in the circular figure (of § 1 ), we cannot, at a point, make a total 
of more than 4 right angles. (The formal proof of this fact is 
given in Proposition 46.) Absolutely 4 right angles makes the 
solid angle flat, indeed no angle at all, rather like the so, -called 
straight angle in plane geometry. 

If a solid angle is entirely on om^ side of (?ach of its faces, it is 
said to be convex. It is as well to construct any concave solid 
angle, with plane angles (say) 70°, 60°, 50° and 40°, practically, 
[of course, an infinite number is possible.] The exercise gives a 
clearer idea of the distinction than any amount of reading. A 
solid angle is often understood to be convex, if the contrary is 
not specifically stated. 

* K. jlid's formal proof of this t.”uth may be found in Appendix II., 
Proposition Z, on page 084. 
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PROPOSITION 46. 

§ 3. General Enujiciation. The plane angles which form cvny 
(convex) solid angle wre logHher less fhan four righf angles. 

Particular Enunciation. Tlic solid angle is at S, and the 

figure shows it as formed of five plane angl(?s ASB, t^SC, CSD, 
DSE and ESA. To ])iove tlult the sum of the [)lane angles atC 
must be less than “four g ight angles. 

Construction. Let any pUme XY l)(' to out all the 

arms of the solid angle on the same side forming tlie (cr.nvex) 
polygon ABCDE. In this polygon take any })oiMt O, join O 
^to S and also O to the eonicrs of the polygon. 


S 



•Proof. *Of the three plane angles at A, 

SAB + ZSAE>/.BAE, 

I.e. ZSAB f . SAE / OAB i- . OAE. 

Similarly at the points B, C,#ite. 

by addition, the sum of all tlm base angles ot rhe triangles 
whose vertiees are at S is gnhler Ihan the sum of all the base 
angles of the triangles whose vertiees are at O. 

Now there if^ tlie same number of triangles with vertex S 
as with vertex 0. 

But the sum of the angles of any plane triangle is two. right 
aii^s, hence it follows that the sum of all the plane angles 
at S is less than the sum of all the plane angles ^it 0 ; but 
this latter sum =4 rt. /.s. 

/. the sunji of the ])lan (4 ajfgles at S is less than 4 rt. Z.s. * 

Q.E.D. 
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EXAMPLES 49 (itlOSTLY RIDERS). 

A. 

0 1. If the 3 angles of a triangle \3an be used to form a solid 
(trihedral) angle, of what shape must the triangle be ? 

O 2. All the sides of any convex plane polygon are produced 
in the same sense. Can all the exterior angles so formed be 
usejjl to make a single solid angle ? 

O 3. Three angles of 120°, 130° and 140°^are drawn separately 
on paper. They are cut out. Why wo^ld an attempt to make 
a single solid angle out of all three prove a failure ? 

O 4. Why must an attempt to make a solid angle from the 
three plane angles 27°, 65° and 93° prove a failure ? 

O 5. Why cannot the 3 angles of (1) a right-angled triangle 
or (2) an obtuse-angled triangle be used to make a solid (trihedral) 
angle practically ? 

i S' ' 

O 8. Can a solid angle be made out of the 5 angles 60°, "0°, 
80°, 90° and 100° (using all simultaneously) ? 

7. The, angles of a skew quadrilateral are together less than 
four right angles.^ 

[N.B . — The four sides of a skew or gauche, quadrilateral are 
not in the same plane.] * 

8 . OA, OB, OC are three straight lines drawn from rj given 
point 0 not in the same plane, and OX is another straight line 
within the solid angle formed by OA, OB, OC : show that the 
sum of the angles AOX, BOX, COX is greater than half the sum 
of the apgles BOC, COA, AOB. 

9. With the notation of Question 8, show that the sum of the 
angles AOX, COX is less than the sum of the angles AOB, BOC. 

ip. With the notation of "the two preceding examples, show 
that the sum of the angles AOX, BOX, COX is less than the sum 
of the angles BOC, COA, AOB. 

I 

11. OA, OB, OC are three straight lines forming a solid angle 
at 0, and OX bisects the plane angle AOB ; show that the angle 
XOC is less than half the sum of the angles BOC, COA. [X is 
on AB.] 
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12. A convex solid angle at C^is contained by 4 faces. The 

)lane angles are QOR,»ROS, SOP and POQ. Prove that the sum 
if these 4 angles is less than tVice the sum of the angles POR and 
iOS. • 

[Hint. Let the lines PR and SQ meet at X. 

ZCiOR</_ROX + /XOQ^etc., etc., etc., and add.] ' 

13. A solid angle at O is contained by 4 faces. The plane 
aigles are BOG, COD, DO/? and AOB. Prove that the sum of the 
1 plane angles AOC and BOD is greater than tdie sum of the plane 
,ngles BOG and DOA. Tt is given th.at the solid angle is convex. 

14. P is one corner of a regular octahedron and A, B, C and 
) are adjacent corners. If the diagonals of the octahedron meet 
ft O, and if Q is aa// point on the circumcircle of ABCD, prove 
hat tl^e sum of the four angles BPC, CPD, DPA and APB is less 
han the sum df the four angles b4c, CQD, DQA and AQB. 

* * 15. L, M and N arc tlj^ mid points of tlui l^ree edges of 
• cube which pass through A. R is the corner of the (mbe 
diagonally opposite to A. How big is the solid angle at R, 
contained ft)y the 3 plane angles MRN, NRL and LRM, com- 
pared with the whole possible solid angle at R ^ » 

fA.if.— You should, use Spherical T^rigonf)metry for this 
question.] 



CHAPTER L 

EULER’S THEOREM. 

§ 1. So far Three-dimensional Geometry has resolved itself into 
taking seetioiis of solid figures and discovering their properties 
by applying to them the known })rinciple8 of T’wo-dime-nsional 
Geometry, and in passing from section to section, or else in 
working with ns and Elevations, In the theorem of this 
chapter ability to look upon the solid as a whole is ncceljsary. 
Here models help very much. 

Euler (1750), born.at Basle in Switzerland, was one of the most 
distinguished mathematicians of the eighteenth century. ' Laltterly 
he was blind, and his great genius was only surpassed by his 
greater industry, which did not cease because of Ids infirndty. 
He discovered the theorem which follows and which goes by his 
name. 
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PROPOSITION 47. 

§ 2. General Enunciation. , /w any folyhedron, hounded by^ 
plane faces, P I V +2, where F is the number of faces, V the 
number of vertices and^'^Vw number of edyes^ 


Proof. Imagine the polyhedron built up face by face. 
When the first face is laid there are as many vertices as 
edges. 

Fi+Vi«=Ej + l. 

When a second face is laid (having one edge in common with 
the first), there is one les.? fresh vertex than f^Ssh edge. 

F3 + V2 = E2 -i-1. 

When a third face is laid, there is again ^one less* fresh vertex 
thai> fr(?sh edge. 

F3+V3-E3 + I, 

and so on, until the last but one case. 

F,, ,+V,,.i-E„.i + l. 

Now when the (single) last face is laid, to Complete the 
polyhedron, no fresh vertices ^or edges are made, so in this 
case F+V=E+2. 


Q.E.D. 
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§ 3. The proof of this proposition assumes that the laying is 
carried on, avoiding leaving (temporarily) ar.y polygonal aperture, 
to be closed by adding another face just before the end. If these 
openings arc left, the argument is not sound, though the final 
conclusion is correct. For instance, this brick-shaped polyhedron 
•might be imagined built up in sc^v’cral ways. In some the pre- 
ceding argument is unsound. 



Argument sound. 

(1) Floor P. 

(2) Front wall Q. 

(3) Ce^dingn. 

(4) Left end 8. 

(5) Back wall T. 

(6) Right end U. 


A rg urn ent unsound. 
Floor P., 

Front wall Q. 
Ceiling R. 

Back wall T. 

Left end S. “ 
Right end U. 


The argument is unsound at (4), for then two openings would 
be left, like the cover of a match-box. 


Steiis.^ 

Kacos ill po.sltion. 

F 

V 

Ft V 

(£ 

Conolusidii. 

J 

P 

1 

4 

5 ' 

. 4 

F+V=E+I 

9 

PCI 

2 

6 

8 

1 

same 


PQR 

'd 

‘ 8 

11 

10 

same 

4 * 

PQRS 

4 

8 

12 

11 

same 

5 

PQRST 

5 

8 

13 

12 

same 

0 

PQRSTU 

G 

8 

14 

12 

F + V4-E + 2 


Perhaps you will not, at once, appreciate the truth of this 
proposition only by reading thetproof. You are advised to con- 
sider building up a brick-shaped solid and to see that the numbers 
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for F, V and E are correct at eachHatep, and then to try the same 
for any other. shaped ^olid with plane faces, such as a greenhouse, 
pyramid, etc., etc. ; l^ut the* point is, try it for some shape with 
which you arc quite familiar. (Don’t forget to reckon the floor 
as one of the faces.) 


EXAMPLES 50 (GENERAL CASES). 

There are no Answers gircn at the end of the book. 


1. \v hat is'thc miml>er of edges in the following Prisms ? 

(1) With triangular base. 

(2) With q^iadrilateral base. 

(3) With pentagonal base. 

•(4) W^ith hexagonal base. 

(5) With n-agonal base. 

If*“ Pyramids ” is subsfvtaited for Prisms ” ^ the preceding, 
what are tli^ 5 answers ? 

2. Kill up the following table. You are advised to fill in the 

numbers in pencil first, and not to ink them in before you are 
quite sure they arc right. Keferrj^mes to various pages where the 
figures arc described, and a figure given, are made. The relation 
F + V = E + 2 should lie satisfied jn every case. • ^ 




Figure 





No. 

Stfliil. * 

on 

F 

V 

F + V 

E 


f 

rago. 

- 





1 



Parallelepiped 

423 



1 


2 

Tetrahedron 

423 




• 

3 

* Cube - - - • - 

465 





4 

Octahedron 

465 





5 

Solid, like tub for 







^ greenhoiise })lants 

547 





6 

Ifeap cff stones - • » 

546 
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♦ 3. Read the heading for Qciestion 2, and fill up the following 
table. [Don’t forget to count the floor ^aa one of the faces.] 


Xo. 

Solid. 

Figure 

on 

I'iVgO. 

r. 

F 

V 

Ft V 

E 

1 

. 2 

5 

i 

Water meter box - 
Skylight 

Roof of house 

Building ' - 

'•fj48 

110 

516' 

516 

r 







★ 4. Two equ’al pieces of paper, of 'tlu^ form shown, arc Ih the 
shape of equal squares with equilateral triangles rxternally on 
the sides. The two pieces of paper arc fitted together, with 
the triangles bent, to form one solid figure. ,[The poipt A goes 
into the re-entrant A, etc., the 2 squares form the top and 
bottom, and 8 triangles the aides of the solid.] How many 
faces, vertices, and edges has it ? Is the relation F + V — E + 2 
correctly satisfied ? 


♦ * 6. Read the heading for Question 2 and fill up the 
following : ' ' 


No. ' 

r .Solid. 

Figure 

tin 

F 

V 

F+V 

E 

' 


l>HgC. 





1 

Rhombic dodecahedron 

170 





2 

(Hiurch 

512 





3 

Truncated cube 

514 

r 




1 

Cubo-octahedron - < 

,515 

1 


•* 
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* * 6. Tlio mid points of neighbouring edges of a regular octa- 
hedron are joined to form a solid. Two opposite faces arc 
squares; and tl^se are^ connected by 16 triangles. What 
are F, V and E ftir this solid ? Is the relation F + V == E + 2 
satisfied ? Sliow that 8 of the triangles are equilateral, and 
that the other 8 are right-angled. 

’I' * 7. Prove tliat the sum of all the plane angles of the faces*’ 
of any solid (bounded by plane faces) is 4(V-2) right 
angles, wlierc V vs tlie number of its vertices. 



CHAPTER LI. 


THE EARTH. 

§ 1. Geometry dates from very jnany years before Christ, and 
its cradle was, possibly, in Egypt. Perhaps it was designed 
primarily (for revenue purposes) for sulveying lands likely to be 
inundated by Nile floods. As the knowledge of the Earth grew, 
it came to have a wider significance ; but the very name {yrj 
H€Tf)ov) shows that measurement of the Earth was one of its 
objects. The science has now a much larger meaning; howev-er, 
its great importance in matters connected with the Earth, and 
beyond too, cannot be forgotteii. / 

§ 2. Many of the heavenly bodies are nearly spherical ; and, in 
^particular, the^Earth, with which we are most intimately, con- 
cerned, affords many problems of vital importance to us. In the 
chapter on Spheres we have learnt something about spheres in 
general and it has frequently been assumed, in earlier portions 
of the book, thKt plane sections of sfilieres are circular, scHhat 
(in considering circles) we have been accustomed to deal vdth 
“ the distance of the visible horizon and “ the mutual visibility 
of points ” on the surface of the Earth [Vol. IL p. 296j’p. 396, 
etc.]. In this chapter we shall'study the problem in greater detail. 

f ■ 

§ 3. We have already considered great circles of a sphere. These 
arc of* enormous importance on the Earth, especially in respect 
to Navigation. Meridians of longitude are all “ great circles ” ; 
of the parallels of latitude, the Equator only is a “ great (;ircle.” 

§^. JThe shortest line on ‘the surface of a globe) between two 
points is the portion of an arc of a circle, whose plane passes 
through both points and the centre pf the Earth. It is thus an 
arc of a “^great ” circle. When the points are fairly close to the 
Equator, there is only a slight gain in distance (for courses on. 
the surface of the globe) in travelling along the * great” circle, if the 
difference of longitude is not large ; but absolutely the shortest 
562 
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• 

way between two places, both iy the same latitude, is not^ in 
general, along the parallel of latitude. However, when the places 
are in high llititudes*(with considerable difference of longitude 
too), the gain of distitnce in travelling by a “ great-circle-route 
is very appreciable [this is entirely distinct from any departure 
from an exactly spherical shape of the Earth ]. 

To make it quite clear, take 2 points on the surface of a globr^ 
(essentially a globe and 4 |iot a map out of an atlas), and stretch 
a string ti<jhtly on thh surface of the globe d^etween them. The 
string, being tight, will give the shortest track. In this con- 
nection you should study the figure on page 5G5, also reading the 
verbal explanation. 

§ 5. In Navigation it is shortest to go by “ great ” circles, and 
“ ^rcat-cifcle-sailing ” is the. quickest ; but consideration of 
the intervention of land, currents, wind, ice, unduly high 
latitudes, or other dificulties, generally ma^^s a modificatj^ 
Tlesirable. In inactice ships rarely sail abc.olutely on great 
circles, button a series of lines, which (though straight on the 
chart) nearly represent the curves, so that the changjj of course 
is in jumps rather tlulp continuous. The difference in length 
betweev these straight pieces and the absolute great circle is 
negligible. The establishment of “ steam lanes,” where there 
is smell ocean traffic, minimizes the risk of collision, for the 
outward and homeward bounej traffic keep to different lanes ; 
also, in the event of any pcJrticular vessel being in distress, 
there is a good chance of finding some other vessel in the 
vicinity to render assistance. “ Lanes ” were instituted long 
before the da^s of wireless telegraphy. But, even in these 
days, the “ g^eat ” circle will be always followed, when possible, 
by '.practical seamen. Time is prectbus, and every mile saved 
is a saving in other ways too numerous to mention. 
j,For Navigation by Air, where there is no question of the 
intervention pf land, the absolute necessity of aerodromes and 
friendly inhabitants (in case of an enforced landing), and other 
considerations too, generally makes the shortest course perhaps 
not the wisest. 
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§ 6 . Smce a sphere is not developahle, it is impossible to represent 
on paper ( which can be flattened out) a portion of the surface of the 
Earth ahsolutely correcthf. Yet, perforce, need to use maps 
printed on flat paper, for globes alone would be far too bulky and 
costly. The curvature of the surface of the Earth is trivial (as 
far as a map is concerned) in a small area, and then it does per- 
fectly well to assume the surface of the Earth (or rather the sea 
produced in all directions) to be quite flqt, but when larger areas, 
such as countries, coi tinents and even hemispheres (or more) are 
under consideration, the problem of how best to show a spherical 
surface on a plane map remains. 

A map Projection is the system on whit^h parallels of latitude 
and meridians of longitude are representtul on paper. In any 
particular case some feature, such as correct areas, no local dis- 
tortion, correct directions, etc., is often especially important. 
There are many projections from which to choose, some lay stress 
on one feature and some on another. Others adopt a sort of 
golden mean, in them nothing is very good and nothing is very 
bad. 

In this book therecare Illustrations of (1) a glob,e, and 
only two (of the many) projections, viz.** (2) Mercator’s Projection 
and (3) the Central, or Gnomonic, Projection. ' 

“ Shortest courses ” (necessarily on “ great circles ”), “ ;"humb 
lines ” (lines of constant true bearing or loxodromes, as they are 
called), and “ email circuilar are& ” (circular islands which on the 
Earth are about the size of Spain and Portugal) are shown. Their 
study brings out the very great difierence. 

The methods of the construction of various “ projections ” are 
too hard for an elementary text-book ; but everyone has to use 
maps of the world, and it cfi as, well to know their limitatio;i8. 
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§ 7. A description of the Illustration. First, 3 piciius of string 
Avere stretched tight on the surface of the globe b(;t\voeii certain 
places. Theit ends AA^re fixejl Avitli plasticine. The strings, being 
light, must show arcs “ great circles” 

(1) The southernmost is from N. lat. to Uf N. lat., with a 
range of 90° (or 6 hours). Tt is noticeable that the “ great circle ” 
is not very far from the 
parallel of latitude. ^ 

(2) The middle is .^gain 
from 10° N. hit. to 10° N. 
lat., but the range (10 
hours) is much greater. It 
^oes cotislderably further 
north* The renter range 
makes a lot of difference. 

(3) The Mortliernmost i^ 
from 45° N. lat. io 00° N. 
hit., with a jange of 10 
hours. Now 45° N. lat. is 
mucji spilth of British lati- 
tudes, and jet the “ great 
circle approaches the Pole. 

Secondly, 4 circular 
islands (of about 280 miles 
radius, about the size of Spai^*and Portugal) were fixed on 
the globe, with their centres at about. 0l° N. lat., 30° N. lat., 
52i° N. lat., 76° N. lat. 

T'hc circles were all the same size, and t herefore represent Equal 
Areas. Notice the southernmost is far from the meridians on 
each si^e. 

(5) The next is rather nearer, but not A^ery muclj. 

(6) The 52J° circle gets quite close to the adjacent meridians, 
Awhile (7) the 76° circle oA^erlaps the meridians very much. 






§8. MERCATOR’S PROJECTION. 

cale increases as vdu go away Charts are "on this Projection* Shortest courses 
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(Rhumb Lines 'or Loxodromes as they are called) Its Inventor was Gerhard Eremer, about 1550. 
ARE STRAIGHT. This is the feature of the Projec- {Krd$ier is the German for *' Trader. * and the name 
tion. It makes its use universal at sea. Admiralty of the inventor was latinized to Gerardus Mercator.) 
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§ 9. CENTRAL OR ON&HONIC PROJECTION. 

Distances; Variable. Scales may be quite different, even in 
places of the sanu^ hftitude, and are different in the same place in 
different directions. 

Areas. Distorted in size a|id shape. 

Directions. Shortest Courses (ie. great ” circles) ^RE 
Straight Lines. TJhis^is the feature of j^^he projection, which 
can be used for the study of direct routes. Lines of constant 
true-bearing (rhumb linos) are, in general, curves. 

It is Perspective. One can imagine one’s eyes at the centre of 
*the glo])a, and a straight line from it to any spot on the globe 
cutting the plane of projection. Oreat circles on the globe thus 
become straight lines on the plane. 

Another way is to imagine, a hollow wire cage, showing the 
par^illels and meridians, with a point of light arthe centre ofTue 
globe. The shadows cast by the wires, on a flat piece of paper, 
are on this projection. , 

The diagram shows how points (like F^) on the siiHace of a 
splibre*are represented by* points (like Q) on a jSane. 

.The natie “ gnomonic ” 
was given because the pro- 
blem •of making such a 
projection was like the pro- 
blem of the construction of 
a sun-dial. 

N.B . — Study the shortest 
courses and rhu^T) lines. The ludicrous distortion of E (recollect 
that on the globe E is the sanies siz# and shape as A) makes 
it quite unsuitable for most purposes. 

One object of illustrating it is to answer the question : “ Well, 
as shortest courses on Mercator’s Projection are not straight lines, 
why not make a*Projection on which shortest courses *«rc straight 
lines ? ” It certainly affords a striking example of the practical 
difficulties of SolidJGeometry.* 
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§ 10. Very nearly all problems on “ great-circle-sailing ” car. be 
done by plane trigonometry (of course indirectly) if either both 
the latitudes, or both the longitudes, of start and finish are the 
same ; but by spherical trigonometry preferably in other cases. 

[Spherical Trigonometry is like Plane Trigonometry. The 
latter is only a special case of tlic former when the radius of the 
sphere is infinite. Spherical Trigonometry is specially adapted 
to problems on the surface of the Ea th (which is so nearly 
spheritjal), and for problems concerned 'vith stars, ct(;., on the 
Celestial Sphere.] 

§ 11. To sum up the lessons that can be learnt from the study 
of the globe and these two projections. 

(1) Globes can be correct, but are far too bulky and costly for 
most purposes. 

.i^>) Flat map.® pf spheres cannot be pc-rfect. 

(3) We can choose to represent one feature (*urrectly at the 
expense of others, but with too large an area ^he distortion 
becomes irritatingly big. 


EXAMPLES 51 (CALCULATIONS. SPECIAL CASES). 

iV.B . — The “ distance of the visible- horizon ” and the “ mutual 
visihility of points ” has been corsidered on payes 296, 396, etc., 
Vol. II., and exercises are proposed in the examples following those 
pages. Oomparitivehj few will be f mind here. 


1. If the Earth is a sphere of about 4000 miles radius, and the 
popul(?tion of the world is estimated at 2000 millions, how many 
individuals to the square mile (sea and land) are there on the 
average ? 

[Clearly only the roughest calculations are appropriate to such 
data. Only give the result to one significant figure.] 

2. Suppose that water, to the average depth of 1 mile, covered 
the whole surface of the Earth (a sphere of 3960 miles radius). 
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If all that water were concentraieil in a siii^rle sphere, what would 
be its diameter ? Give the result correct to two significant figures. 

If the depth hadi)een J f^mile, but the data unaltered otherwise, 
what should be thctinswer ? 


3. I am in a window overlooking the sea, and observe a yacht 
with which I am well acquainted. The top of her mast a|)pears 
to be in the horizon beyond. • [The ^ 


figure, which of course is not drawii 
to scale, conveys the idea.] My 
eyes are at a hei^it.of 50 feet 
above the sea, and the top of her 
mast is 40 feet above the water. 
How many yards is the yacht 
away ? ^ 

[One difficulty in pra(;tice is to 
ha we such accurate data; a squall 
discrepancy in either may mean 
so mu(;h. It is more sensible to 



give an answer in round^iumbers. j • ^ 

*If the heights were respectively 54 feet and 58 feet, what should 


be the answer ? 


* 4 . Suppose that an aeroplane was up as much as 35,000 ft. 

, above Shrewsbury ^d that the furthest ipoints in England 
are 225 miles from that pla(;e [Shrewsbury is more or less 
centrll as far as England is concerned]. Is the whole of 
England visible to the aviator ((juite apart from the strength 
of his eyesight, etc.) ? 


5. If h be the height of an^^eroplane and R the radius of the 
earth {both expreased in the same units), the sTtea of the Earth 


visible is 


27rRVi 

R + h 


(expressed in squares of the lame u’Sits). 


In particular, how many square miles are visible from a 
height of 4000 ? [The Earth is a sphere of 3960 miles 
radius.] Grive the result correct t|) one significant figure (and 
n6 fjirther). 


’i' 6. The Arctic Circle is in North latitude 66J°. What area is 
included therein righi; up to the North Pole ? [Radius of the 
Earth 3960. miles.] , 


♦ 7. Find the^rea on the surface of the Earth included between 
the parallels of latitude ^0° N. and 55° N., taking the radius 
of the Earth to be 4000 miles. 
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8. Tw.o places, A and B, aie"both situated in North latitude 
70° and their longitudes differ by 40°. It is required to 
find the difference in distance- b^4wcen ‘A and B; ac(;ordiug 
'as (i) a route along the parallel of latitude or (ii) a great 
circle route is adopted. The circurnfercince of the Earth is 
21,600 nautical miles. 

[Hint, (i) Calculate the length of tlie arc AB of the 
circle through the parallel of latitude, (ii) In the same 
calculate the chord AB. (iii) If O isithe centre of the? globe, 
use the AAOB atfd calculate the great circle arc AB.J 

* * 9. Berwick-on-Tweed, 56° N. lat., 2° W. long. Moscow, 

56° N. lat., 38° E. long. What is tlie distance betw(‘on 
these two places (1) by ])araUel of latitude (or rhumb line), 
(2) direct, by a straight line through the Earth {i.c. a chord 
of the sphere), and (3) by the gri^at circle route ? 
the radius of the Earth to be 31)60 miles, and use 4 -figure 
logarithms. Show that there is a saving of not much over 
^ ' 20 miles if (•^’), rather than (1), is adopted. 

* * 10. The problem is to sail by tlie shortest coqrse from the 

south of Afri(!a to the south-western corner of Australia. 
Assuming that the latitude of start and finish is 35° S., and 
that the respective longitudes are 20° E. and 115° E., he w 
many miles is saved by adopting the great circle course 
rather than the parallel of latitude ? Whaf- is the furtheso 
south reached by the great circle 1 

[The Earth is a sphere of 2l,6(X) nautical miles circum- 
ference,] . 

■' 0> 

* * 11. An aeroplane is to fly from South Ireland (say about 

5U'°N. lat*., 10° W. long.) to Newfoundland (say about 
51 1° N. lat., 55° W. long.). 

The Earth is a sphere of 21,6(K) nautical miles circum- 
ference. 

lialculate (1) the distance along the parallel of Igtibude, 
(2) the length of the chord between those two spots, (3) 
what angle that chord subtends at the centre of the Earth, 
and (4) the length of the “ great circle course ” between 
those two spots. (5) About how much distance i? saved 
by adopting the “ great circle ” instead of tlie parallel of 
latitude ? (6) What is the latitude of the furthest North 

touched ? 
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* jK 12. Bombay - - #1^° N. lat., 73° E. loug., 

Mexico City - 19° N. lat., 99° W. long. 

Ah aeropline has.to fly, by the shortest route, from one 
of these places to the other. What is tlie highest latitude 
reached ? (Certainly, use Spherical Trigonometry and, 
preferably, 7-figure tables.) 

\Note. Though bo%h start and finish are in the Tropics, 
there is such a very wide difl(‘n‘nce of longitude between 
tluMn , that tl^e shortest course comes even ncjarer the N. Pole 
than lh(' Arcfic.Circlc (it crosses Spitsbergen) ; as a 
niatt(‘r of fact tlui great-circle-coiirse is nearly 15(K) miles 
siiortor than the parallel-of-latitude-course.] 



APPENDIX L 

ON METHODS OF SHOWING RELIEF. 

In this Appendix is a note on some of the practical waps 
adopted for showing reliif, 

f '1. Models to cvalc of course convey 'most readily to the eye 
correct ideas of Relief ; but their use in the held, to show features 
of the ground, is entirely out of the question owing‘io their cost, 
weight and. bulk. Indoors, “ relief maps ” (usually on a small 
scale) arc extrenuky useful, though all tiie ups and downs have 
to be enormously exaggerated to make them apparent at all. 
[If a model, the same size as a billiard ball, were made of the 
Earth, the height of Mount Everest (if unexaggerated) -would be 
less than half the thickness of one page of this book.] Models 
(papier machep tin, wood and’ plasticine, sand-tables) are 
impracticable out of doors, but they are extremely valuable 
indoors. 
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§ 2. The prohkm of how best, dlijlat paper, to show relief remains. 
There are 4 variety^ of aystema : 

(1) Hiichures* 

(2) Hill-shading. 

(3) Contours (including Layers). 

Also Colours, in any of tfccsc cases, frequently help to conAjpy 
meanings quickly to the. eye. 

Combinations of the ^rious systems arc generally used. 

Some advantages and disadvantages in each are here considered. 

(1) Hachures arc fine lines always going down the lines of 

greatest slope (that is, the way water unimpeded would flow down). 
Nicely drawn, they show hill features well ; but they have to be 
drawn close together for steep slopes, and their very closeness 
obscures derail. * 

(2) Hill-shading conveys good impressions, and so is useful in 
th^ general study of a ^nap ; but is not exa5t enough for’^y 
detailed measurements. Both oblique and vertical illumination 
are employetl. The former gives different shadmg to slopes of 
equal steepness, according to their aspect to the light, and so 
mUy *be misleading, 'fhe light comes from 'the top left-hand 
oorner. in the latter the light is right overhead. Flat surfaces 
(whether on high ground or low ground) get the full light, and 
remain unshaded on the map. Slopes get darker and darker as 
the steepness increases. The laHer (vertical illumination) only is 
illustrated here. 

(3) Contours are fine lines., every point on ea^ih of ’«hich is at 
the same height above the datum level (usually sea-level). They 
are of immense .valae out of doors. More or less accurate cal- 
culations can ie baaed on measurements made from a map on 
whiclf contours are drawn. The meaning of contour* can be 
readily understood by pouring water into a bowl containing a 
model. The water-line, ’ on the model, at different depths will 
show the contours. [Contours arc at right angles to hachures.] 
By themselves fontours do not give to the eye a good idea of 
relief. 



G^OMUTRY 


I. Hachur.es. 


z. Hill-shadiagf. 











?■ ') 



3. Contours. 




4. (Nos. z and 3 in combination.) 


§ 8 . Tlie hgurcH give cxamplea 01 the m/^ie ipea, showing the 
advantages and disadvantages. Naturally with' colour there is 
never a.’xy question as to whether a line is a contour or. a 'river ; 
but of' course it is easy to settle this point, by map-reading, 
almost at a glance. 

Generally, the question comes, “ Well, which is best ? ” No 
definite answer can be given. It all depends upon the use to 
which the map will be put, and upon* the time and labour that 
can be bestowed on its preparation. 
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§4. When bands of colour lire used bit Maps, to cover the 
ground between contours, we get the Layer System. This is 
useful for giving a good general impression of the relief of a large 
area, and in consequence the- system is most valuable in small 
scale maps. Whenever the contour lines are drawn close together, 
it would naturally be impri^iticable to find a different colour Jor 
each interval. Each different shade may therefore include se*Tral 
such intervals. T« gi^e the impression ^of rising ground it is 
necessary to use colours which merge into one another, otherwise 
a‘ stepped appearance will result.* Following the (iolours of the 
Spectrum, Blue (sea). Green, Yellow, Orange, Ked (highest), with 
intermediate tints greenish-yellow, etc., gives a good appearance. 
It is expensive in printing, for each map must go through the 
j)ross sevc.rlil times, and of colirse tlie “ registration ” must be 
perfect {i.e. succycssive printings must not show any overlappings 
or^gaps). 

§ 5. Natui^lly any system is jmictically useless for a map of 
an area which has little variation in Inught. 

. § 6. !re is another way of showing heights accurately. 
This is by Bench Marks and Spot Heights (usually called Spot 
Levels). Against any particular place is given a number telling 
the height. The impossibility •of visualizing relief from these 
numbers perhaps makes their mention inapprof)riate here; but 
they all'ord a basis for calculations more accurate 4han from 
heights obtained from contours. [Bench Marks are like j . 
They arc to bc^sccti throughout the country. Their heights 
above sea-levef are accurately known and are marked on the 
British (j" to 1 mile maps.] 


See the ligiire on page lOS. 



APPENDIX n. 

PROOFS OF FIVE JPROPOSITIONS ASSUMED BY SOME. 

In this Appendix are given formal proofs of certain Propositions^ 
the, truth of which some lake for granted, 

PROPOSITION V. 

General Enunciation. If a straight Ime is perpemlicular 
to each of two straight lines at their point of intersection,, it is 
perpendicular to Tvery straight line passing through this poifit 
of intersection and lying in the plane containing them (and 
heme is perpendicular to the plane that theif determine). 

Particular Enurciation. XY is perpeMicnlar to YA and YB. 
To prove that XY is perpendicular to any line, through Y, in 
the plane determined by YA and YB, and hence to that plane 
itself. 


X 



Constructipn. Produce XY to Z, doubling ih Let YKH be 
any line through Y in the plane of YA and YB. AKB is any 
straight line, in that plane, cutting these lines at A and B. 
Join XA, XK, XB, ZA, ZK and ZB. 

678 
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Proof. YA perpendicularly bisfdteXZ. .*. XA = ZA. 

Similarly XB = ZB, 

so that As XBA, ZBA«ire cohgriient (three sides). 

in particular, /.XBA = AZBA; 

hence AsXBK, ZBK are congruent (two sides and included 

angle). * 

. i[ijiarticular, XK = ZK. 

• * 

Now As XYK, ZYK aro congruent (three sides) ; 

in particular, AXYK- / ZYK, 

and these are adjacent angles and equal, and licncc right angles, 
So that XY is perpendicular to any line, through Y, in the plane 
of YA«and Y3^ , 

Hence, also, XY is perpendicular to the plam‘. determined 
by YA and YB. Q.E.^. 
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PROPOSITION W. 

General Enunciation. If two straight lines are parallel to 
a third {not in their plane)^ theg are parallel to one another. 

Particular Enunciation, ab and- CD arc both parallel 
to XY (not in tlieir plane). To prove AB and CD parallel. 



Construction.^ In the plane of xV and AB draw XP, per- 
pendicular to XY, to meet AB at P ; likewise, in the plane of 
XY and CD draw XR, perpendicular to XY, to ine('t CD at R. 

Proof. XY is at right-ang!3S to two linos, XP and XR, at 
their point of intersection X, and lienee; XY is perpendicular tc 
the plain; FXH. 

Mow AB and CD are parallel to XY, and hence are both per 
pendicular to this same jilane. 

AB and CD are parallel. 

Q.E.! 
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PROPOSITION X. 

General Enunciation. Planes to which the. same straight 
line is perpendicular are pa^alM to one another. 

Particular EnunciatiC^n. AB is j)erpen(iicular to each of the 
planes P and Q. To prove those two ])lanes parallel. 


^ N Z 



^Construction. If the' planes are not paralfel, let them meet, 
And let ^ be one of the points on their junction, .foin ZA 
and (necessarily in the planes P and Q respectively). 

Proof. ZAB is a triangle, and two of its angjea, A and B, are 
each right angles (for, when a line is perpendicular to a plane, 
it is at right angles to any line in the plane), 
and this is impossiljle ; 

the planes P and Q cannot meet ; 
ki other words the planes P and Q are parallel. 

Q.E.D. 
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PROPOSITION Y. 

General Enunciation. If a fair of intersecting straight 
lines are resfectively parallel to another pair of intersecting 
straight lines ^ the plane containing thctfirst pair is parallel to 
the plane containing ihe second pair. 

Particular Enunciation. AB is parallel to XY and CB is 
parallel to ZY, To prove that the j)laiies ABC and XYZ are 
parallel. 



Construction^ Draw BQ perpendicular to the plane XYZ. 
Through Q draw PQ and RQ parallel to XY and ZY (necessarily 
in the plane XYZ). 

Proof. AB and PQ are both parallel to XY ; '■ 

AB and PQ are parallel ; 

ZABQ + ZBQP=2 rt../.s ; 

but ZlBQP = l rt. Z. (construction); 
ZABQ-1 rt.^Z. 

Similarly Z^CBQ = J rt. Z., 
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Hence BQ is perpendicular* Jo two inlerseclhig lines AB 
ind BC, at their coiiiinon point B. 

BQ is t>erpenJicular*to the plane ABC; but BQ is, by 
-onstruction, perpendicular to tlie })lane XYZ, so that the same 
traif/hl line BQ is perpemlictdar to the two planes ABC and XYZ, 
tlie pianos ABC and XYZ are parallel (using the precediijg 
)roposition). * 

Q.E.D. 


F.G. III. 
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PROPOSITION Z. 

General Enunciation. If a solid amjle is contained by three 
plane angles (i.e. a trihedral amjle), any two of these are to(jether 
greater than the third. 

Particular Enunciation. Tlie solid angle is at 0. Tlie three* 
plane angles are BOC, COA and AOB 

[If one of these (viz. / BOC) is equal to, or less than, either 
of the other two (viz. /.BOA or /_AOC), there is no dilficultv 
in establishing the truth that /.BOA + / AOC > / BOC ; and so 
we shall only consider the case of /.BOC being greater than 
either /BOA or /AOC.] 

To ])rove / BOA i /AOC> / BOC. 



Construction, In OB and OC take any points B and C. 
Join BC. In the plane BOC make the angle BOR equal to BOA, 
the point R being on BC. From OA cut ^)ff OQ equal to OR. 
Join BQ and QC. 

Probl. In the / s BOQ and BOR, 

/BO common, 

*.* OQ OR (construction), 

I / BOQ = / BOR (construction) ; 

/. A BOQ " A BOR, and, in particular, BQ =BR. 
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Now, in the triangle BQC, two sides are greater than the 
third ; 

Sq+QC>BC; 
but BQ=BR (proved) ; 

.•.,QC>RC. 

Again, in the As QOC and ROC, 

|QO =RO (coiistriietion), 

OC common ; • 
ibnt QC>RC ; 

ZQOC>ZROC* 

To each mdd the equal angles BOQ and BOR ; 

Z BOQ -I- Z QOC > Z BOC ; 

% 

Z BOA 4- Z AOC > Z BOC. 

Q.E.D. 


*the truth of this nut assuineil, reference* should bo made tu 
J^^uclid I. 




ANSWERS. 

NOTK AS TO ANSWKItS. 

'riiERE arr often many eorrect form.s in wliieli an answer maybe jiiven. and 
jit is r(nile,possibl»’ that very litth^ aritlimetie is required to elianee one into 
the other. 

In ^he follo^in;' are answers to thwe types of (pic'stions : 

(1) (t.T),, many of whieh are intend(ai to l)e solved by (1.1). alone (these 
are camfined to some of tl^‘ (juestion.s on “Plans and Klevations ” in 
K.xa^nplos 48, but by no mojins on all); for tlumi h.-ngffi.s have been ^'^en 
approximately and angl(!S to halfalegtx'c.s. 

(2) Calcuhiti^s, Sjiecial whieh can be solved either by (I. I), alone 

or by ealciilation alone (preferably by both, using the former a cheek to 
the |att^er. N. R . — It is geiterally wis(‘r to mak(; the n^ugh cheek hifnrr. the 
more accurate work). (.lleaiTy more exa(;t results should be obtained by 
tlie second ificthod. In the following, frequently, only the answer obtained 
by the use of tables is given (even then perhaps the flata do not warrant 
an exet^sive number of ligurcs). 

(11) Calculatiom, dmeral CofifJi [whej^c aunis como in to the answer they 
have not been evaluated (nor, in general, .should they bj^ ; but numerical 
denominators have been rationali.sed, e.gf. \ny/(S is given and not a\/il ; 
also the vertical angle of an isoseejps triangle has been r|ckoneAas twice a 
half angle]. 

It is impossible t(^ay ii(.)wn any hard and fast rule as to the exact degree 
of reliability of thFdata in any question. Sometimes they are clearly in 
“ round^numbers ” ; often it is po.ssibW to #nake a shrewd gueas at their^ 
accuracy, And their very form may guide our impressions iiistafft’c, when 
all the data are given to two .signilicant figures, one might (j[uite reatonably 
question a third significant figure in the answer (of course it may be right 
or it may be wnoi^g, but it is certainly cpie.stionablc) ; also “ al>out 3-5 ” 
means within half a tenth of a unit (of three and a half) eitner way, and 
implies a greater dej^ree of acci^raey than “ about 3.^,” which is only some- 
thing between ftie extremes 3] aiill 3|, thougli quite probably it is nearer 
the middle than either end]. Often an answer to many significant figures 
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is manifestly absurd ; wo may have used rough values of constants in our 
computations (and then, of course, pretence to greater accuracy is unwise). 
Sometimes the instruments, likely to be med to fy^tain the data, may bo 
subject to so many possible errors that a great number of significant figures 
is singularly inappropriate ; it is easy to imagine cases in which it is a 
question of life and death, where a quick di8tii\ctly approximate answer is 
(tp say the least of it) more valuable than a multitude of figures obtained 
labonously, slowly and too late. Further, the ideas of the setter as to the 
reliability of the data in his question may not /be exactly those of its solver 
(when there can be a dohbt, it is the business qf the solver to state dearly 
and briefly the reasons for the style of his answer; in the following “Answers*’ 
such notes have seldom been given, but their omission should not be regarded 
as a suggestion that they arc not in some cases necessary) ; but, if definite 
instructions are given in the question as to the degree of accuracy demanded, ^ 
it is then not a question for the solver’s judgment at all. Clearly, where 
numerical work does not come in, there should be exact agreement cr the 
reason for the discrepancy should be found. [This applies to all calculations 
of a general type ] ^ 

In square brack As have been given notes and some figures (which piay 
bo useful as checks). 


1 . 

5 . 

9. 

11 . 

13. 

16. 

18. 

19. 

20 . 

21 . 


EXAMPLES 40 a. (Pages m to 4;}3.) 
^aft(.9 + rf). 2. Rectangle; a®\/2 3. io\^2 


Va* + ft* + c*, ay's 6. ; 7. ija. 8. Jay 2 

and ^aV22 10. ; IbV a^Tc\ 

, 12. 2 sin"*(5\''3) =:about 70'’ 32' 

2 sin ^(JV 2) -about 27^“ 16' 14. la\/2, 15. laVG 

^0^*33, ^ay/ 6^, la. 17. iV ■ P i + jp - cP i- 6® -t- etc. 

2 sin*^ — > where a: is a or b or c. 

Va^ + b^ + d 

2 co8cc"%'' 3, sec~*\/3 (twKe) ; 'or about 70'’ 32', about .54° 44' (<^wice). 

r 

J V ^ H n*) - (o® -f- 6® + r*) ; ^ the same square root. 

2 sin-*(r^^=^^^ ; another form is cos-^^- “ 


9. ia«. 


EXAMPLES 40 b. (Prgei, 433 to 435.) 
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EXAMPLES 41 a. (Pages 447 to 453.) 

2. A right -angle. i 3. About 33° 1^' [tan U)-65j. 

4. About 78° 41'[tan~^]; about 10 ft. 6in., about 72” 54'[cf)8eC“* J V^lOtj. 

6. About 39° 48' 6. About 70° 32' [see * 3J. 

7. About 57° 02' and 32° 58' 

8 . 25-6", 9•3^ 22* r, 23'9', about 30° 30', about 54° 20' 9. About 24° 09' 

10. About 125”( t ) ; 0 0589a=»( H- ) Vbout 125" !(»', • 

11. About 15° 30' 12. (1) About 37° 30' ; (2) about 61° 08' * 

13. About 20° 42' and ^bout 37° 46' • 

14. (1) About 30° 59' ; (2) 'about 46° l.T 16. About 16° 41' 

18. 3 ft., 3 ft. ; 45° 17. (1) ^bout 65° 221' ; (2) about 57° 03' 

18. (1) About 49° 50' and about 62° 43' ; about 45° 19' 19. About 54° 44' 

20. 8 era., 6-9 cra.( + ), 4 era., 6-9 eni.( l ). 

'21. About* 7-45 inches, about 73° .34' 22. About 19° 59' 

28. 6p° South of West, about 1 mile (very nearly). 24. About 32° 57^' 

26. About 17°'l4' 26. About fo” 16' 27. 30° 28. 300 ft. 

29. About 11° 53' 30. About .35° 16', about 54° 44' 

81. (1) About* 28° 37' ; (2) ^jout 6.5° 23' ; (3) about 1*^ 19' ^ 

32. "Between 4-3" and 4*4'' [4-36'^J. 

33. About 37° 46' 34. 3'62''( - ). 35. 60° 36. About 126 ft. 

37. About 7J|^ about 23° [It is ludicrous to pretend to great nicety here.] 

. . 

EXAMPLES 41 b. (Pages 454 to 456.) 

1. (1) (2) (3) V I 5*. 


2. taiP-^ 'j. [Naturally h does not come in.] 

a - 2a 

3. (1) 5 (2) ten -\/2 ^^ about .54° 44' 

4. tan~\/2 =about .54° 44' bf lay/2 6. i(Wi + ^i + ^3). 

7. /ti - H- A, 8. « - VK^ - 2hn h^ 9. 5 Vh^ + 

or. m another form^co» ‘(^ j' 

16. X sin i, hx sin 6 cos a ; l-\/5(2 sin a sin (f cos a). , 

16. V(aT/)*-H(6 + #+(^A)*. 17. V{a + f)^T{brgfr^^^ 

• r *. 

18. h-r+ jV{a \^p)^ + (b + q)\ 


^X AMPLER 41 c. ( Pages 457 to 460. ) 

♦ • 

27. 1*99" (very nearly), VLS J]- 
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EXAMPLES 42. (Panea 4(i2 t(^ 4(5.3.) 

1. About 71 [iV./>. 7 U indicates a])|)jfoxiiniiti(>ri bettor than 71*5] 

2. 400 ft..( ). [('Icarly it dctwinN n[»<ni the reliability of the. data whether 

307 f(.( I- ) can safely be civen. ] 

3. About 2240 ft., about I in 3-(i (horizontal). 4. ISA" ; about 1 in 8 

i. 'Pile following answens (f)btained frdhi a. .small ligure) are necessarily 
‘ approximate : 1 in 4, I in 1.^, 14 30’, 1 in 4*4, 1 in 2 

6. 30'\ about 2()i'’ f Aloiil o'^ 44' ami about 13 .] 

7. 10r»(5 ft., 3.30 ft., 1.1 miles, 1 in 4*4 

EXAMPLES 43. (Pages 47 I to 477.) 

11. a\ 2 12. Eight itf Aa ami four of I'^v - “ 

14. iuv 2 15* I'* between 10-3 ein. and 10- 1 cm 

17. 18. GO" 19. lay/G ^ 21. S'P. 

22. ^,^fln\/ll *' 23. 2 cm. 

24. (r/) 8: 1 ; (//) 4: 1 ; (d) (') i'H 5 (/) sanuyis preceding. 

25. (a) ; (/O'i wiee; (e) 45"; (d) a and ay/2: /) about 70° 32', 

about 100 ’ 28'; (/) 120’; ((/) 00 '; (//)<(!) GO", (2) 00"; (ij about 
100° 28' (or a^)out 70" 32'). 

26. (a) a- a ; (h) .lsv'2 and .s> ; (c) (1) l.s‘H/2, (2) (d) G, 8; 

(e) ,s: (/) U; (//) h\/6; (i) ;b/v'3, 2a; (;) ib.f=‘v''2 ; 

(/.-) .I.s“v2; {1) half; (/a) ‘ 

32. A-s^/G, 0-Gl" 33. i^«i’(3 I \/5) or !la“(l I wn 18"). 

Examples 44 a. (Page.s 484 to 48 g.) 

1. lY 2. 72", SI", :i(5" 

3. Hetween 1-3 eni. and 1*4 eni. [4 - v/ 7J. 4. About 20.1" 

“o. Aboui 85i om., lG*2era.(-^). 6. 0-04" ^ 

7. OGi ft.( - ) [lot) -28v'2J. 8. 2", 8", 0", 15" 9. 3.1" 

10. About 8*49 cm. 11. About 8-.54 cm. * 12. About 0>53 cm. •' 

13. 2'G3"( -{), l-25"( - ). I'J’he sides of the glass do not slope enough to show 

that this is less than the radius of the bottom of the glass.] 

14. 7 om. or 15 cm. 16. 6 cm. ^ • 16. Aibout,4§" 

17.(1) 1728,(2) 2120 18.21" 
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EXAMPLES 44 b. (iXqos 487 to 4‘»2.) 


2. It - V - r“. 3. /?-l|V U‘^ - r-. 4. AfJv’ 

5. IttV AV. 6. r-/M v'A’“ r“. 8. 

9. AaV;”* 10. A«v 2 11. 


12. Formor ; (/(I I I h ^). 13. 272 


14. i(A } r | r), '(7/- r-r). 15. A(/v2, ^/yO 

16. ;^(V/r-|r= r). 17# i!A'-l-»±^}. M''J-(A’-*r);. 


18. A(^-l A I r), botli int(‘mal!y ; •V'’ A r), l>oJh rxlernally ; 
A ]r I (A - r)}, one (,'xiornally and the other internally. 


»0. • 21. «(v3-I). 28. -J~(v 2 I). 

24. Ii(Jow by (Jlillidr. 25. 2r(l fY^tJ). 27. A(2 \\\). 

28. A(v3-i)A. 29. (tiTr l 2) : tt. 30. 27rA. 

31. i</v’6 • 32.^,VfVT) 33. JA, A{V33±1)A. 

rit r) I A\/ A2 ■2rA- i ^ 

34. - ..o “2 


EXAMPLES 45 a. (Pafjes 502 to 512.) 

1. 1*1 cm.( + ) or 8-0 ein.( | ) ;• about •1-7 eni. for tnaxirnfini eapaeity, which 
» is aboi^t 1825 eu. cm. 

2. 117 eu. ern. 3. n‘.52 eu. in., 31b2 s(j. in. 4. 39 eu. em. 

5. 402 mi. in. 6. (e) About 1400 ft. 1 1391( - )| : (//) 1360 eu. ft. 

7. 2 cu. ft., 3i eu. ft., !- eu. ft. 8. 13 o/. 

9. (M 4-8", (e) 4*J"( - ).' 

10. 234 eu. in,, 293*4 sq. in. ; same volume, 333*9 sq. in. 

11. (c) 4*4 mm, ^ 

12. 4*3 em.{ -i-) ; minimum surface if “ Height <liametei. 

13. 54 Kgr. 1^. (1) 1500 eu. eni., (2) about 3100 sq. cm. 

15. 22*1^ (last part)^ 16. About 141*37 eu. in. I IOttJ. 17. 3510 cu. in. 
18. About 3900 cu. ft., ‘J7 tons. 19. 10| eu.^'ds., about 8^ hundred tons. 
20. 5*4 tonsi( - ). 21. 108 eu. in., about 254.1 sq. iim 

23. 13*9 cm., 400 cu. cm., 360 sq. cm. 

24. 10*6 cm. (very nearly) ; ab*fut 363*6 cu, em. 

,26. 100 cu. in.( -l j y00*352] ; between 143 sq. in. and 144 sq. in. |143*36J ; 
10*4 in.( - ). 

26. 299 sq, ft. 27. 1800 cu. cm., about 1264 sq. cm. 

28. Volume bet^feen 306 cu. in. am3l367 cu. in., or about 10*6 pints ; surface 
area about 324 sq. in. 
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29. (c) 72 cu. cm. 30. 194^ G*a. in. 31. 6 lb. 9 oz. 

32. About. If pints. 33. Volume of bath == 18 gallon8( - ). 

34. Roughly 374 sq. in., 3 gallons. 35. ,9 38,<'^17 gallons (very nearly). 

37. About 253*7 sq. in., about 141*37 cu. in. 

38. 8", 4487r cu. in., 84 sq. in. 39. About 1*54 cu. in. 

EXAMPLES 46 b. (^^ages 512 to 517.) . 

2. KV3 3. -A 4. (1) h3aV3, (2) ea=/iv/3 

6. ir*Z(9-7rV3). 7.1:6* " 

8. a) {2Z(6 |-3V3 + 7r) |-r(27r l .'VS)}: {2/(27r ^-3^/3)^ r{47r - 3v'3)} ; 

(2) {47r-3v/3}:{27rl 3^3}. 

10. j7r/t“(a + 25). 11. Same as preceding answer. 

12. (1) oV3; (2) ViaV2 13. 2ttV3, >V2 

16. la\ W- 17- 7040 cu. ft. 19. r‘.Tr¥. 

20. 2\/2 - 2 + y'3 - fy'G times area of original, and l{^/2 - 1) times volume 

of original ; .9=* rt(\/2 - 1). 

21. !io^ (3 1 ^3)^" 22. 3 : 1 ; f ; ^3) ; ;; 

23^ (v2 - 1) : 1 24. 2irb^. [Notice that tl value of a d'oea not matter.] 

26i 67r6®v'2 [Again the value of a is immaterial.] 

26. For maximum h~\H. 27. 47r cosec 15° sq. cm. 

28. {VrTl } : {Vp - Vr+l]. 29. J7rl*»(3 4- 2y/i). 

30. (1) 42.r sq. units, 367r cu. units ; (2) OGtt, 727r, 247r, 127r ; 

(3) 96ir, 72 t, Utt, 2l7r. 

31- [P\ ~wV ~ \‘ 33* and two similar expre ssions. 

3(e - /i^+r)(ft -r) 3a 

EXAMPLES 46 a. (Pages 523 to 526.) 

1. About 0*44 oz. 2. About 1*6 10^® sq. mi. 3. 48°,',. 

4. About 15J min. 5. About 1*18'' 6. 2*6 mm.( - ), 070 cu. cm. mark. 

7. Abou/ 53J cu. in ; about 381 sq. in. ; diameter about 4^" (very near). 

8. {d) 2*2 cm.( - ). 9. More. [Slightly, as a matter of fact by about I'Jo-] 

10, 5" 11, X by between 205 gr. and 206 gr., by the same 

12. About 18^ ft., l>etween 148 lb. and 149 lb. 

13. Between 5*8" and .5*9" [8(v/3 1)]. 

14. Le^ than pne two-thousand-millionth part of the Sun‘3 radiation 

reaches the Earth [j^oborL.OOo]’ 

16. 191031b.(-). 16 . Roughly 6 million square mil^s. , 17. 8 sq. ft. 

18. Between 0*78" and 0*79" ; about ,351 cu. in., about 343 cu. in. [Doubtful 

data really.] 

19. (a) About 2785^ ou. cm. ; (6) 66*5% ; (c) about 3*4 Kgr. , 

• (d) 410 sq. cm.( - ). 20. 4^ cm. 
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EXAMPLES 46 b. 

2. Ab<)u|288 cin| 


(Pages 627 to 533.) 

1. ,\r. 2. Ab<)U^288 cin| 6. 0*4 

6. — T. of th(! diameter tif the spliere. 7. a \ , 

y-2 \7r 

8. 124";, ; 81 : 100 9, V-- 

10. About 56" and 66” 12. lljiombus larger by 0-5';;,. 

13. 42;j'*;, [very nearly]. 


14. (1) 2vrr2(5-|-4V2); 57rg(l3-l lv'24-8V'3 + 2v/6) ; 

(3) 87rr2^/3; 117 arun^l ^ • 

16. \ : {3A7r * A»} 16. {4/i'2 , {ARh 

17. J7r;i(:ir2 | /<.2). 18. (1) V. II ; (2) 5‘: 11 19. 

20. 2ir{r^ Vk% j7rA:(3r= + F). 21. n{1i^ Vlr^). 

22. M'^y/\\-n)irr\ 23. i(8 - r>v/2)7rr^ 

24. i7r{r2A - 2 A’3 + (2 /t'2 + r=)v' 26. A - 7M A i 


27. l7r>2(A*Hr^ + 2(/R.’ I rV) | A-(r l *•)} 

or, in unotluir form, lir{{R | C')‘'(27i* - C) l (r i cf{2r -(')). 

28. A7r{6AV + (^*A') I :U“(%-A)}. 

29. 2v=(3 - V2), i7rr3{7 -4^2). 30. iirr^(3 } ly'f). 


EXAMPLES 47. (Pages 535 to 539.) 

6. lOOOi 10: I 7. 64%?, 8. Same. 9. 6" 

10. 12 eni., 25 : 18 11, 5 cm., 91 : 125 12. 6 lb. 14 oz. 13. 9';;. 

14. *1 : 24 ; 1^576 ; 1 : 13,824 ; 660 sq. ft. 15. 63"% 16- oz. 

17. About 5J% ; about 3J%, ; less. 18. 4"o- 

19. 64 ; ?1 : 100 ; 51 : 73 : 100. 

20. Roughly 79^ : 91 : 100 ; roughly 63# 82^ : 100 

21. 63, 79 and 100 22. 86";„ 93%,. 

23. 13 ft. U in., 1 ft. 51 in. ; 18 : 1 ; 15 sq. ft. ; about i ton. 

24. About 1-26, l-59( - ), 1-91( + ), 26. 40 : 63 ; 100 2f. 9^ 

28. 8-8 sq.. iu.( + ). 29. 0-602"( | ). 


EXAMPLES 48. (Pag% 5«5’to 550.) 

1. Ac-a6-6-3 ft.( -f ) ; rffi~7*2 ft.( + ). 

2. Between 8-7 cm. and 8-8 cm% (1) about 20% (2) about 29^", (3) about 53" 

, 6 . (1) 45° and 47° (very nearly) ; (2) about 25^ ft., 36°( + ). | 

15. About 8i ft. I Tl) about 19| ft., (2) 26i°( - ). 9. 32 (fc. «.( + ). 

11. Between 2-5 ft. aid 2-6 ft., about 2-6 ft., about 29^ sq. ft., 16 cu. ft.( - ). 

12. 104 lb. 13. 3-20 ft.( + ),*4-af ft.( + ), 4-03 ft.( 4 ). [ V'lOTS... etc.] 

16. 7J cu. ft. 16. l-7a, 2’2a, 2>3a’ ; Uay/^'V)^- 



ansWebs 

miiKt bc^-Rui^h from surh a small Hguro) : About 


N 

19. (Tho following answo 

12.^ cm., about fiO aq. cm. 

20. About 52° [51° 48' ia the accurate anpvcr], j'' 

21. 010 .sq. in.( l ), 14° (very nearly). 22. .r | ll:; — 0 


EXAMPLES 49. (Pages 554 lo 555.) 

16. About O'OOS (very near). 

EXAMPLES 61. (Pages 57<l to 575.) 

1. About 10. , 2. 720 mi., 570 mi. 

3. About 1000 yards, fietween 2500 yanl.s a?ul 2000 yaril.^s. 

4. Vea (b\it not by much). 5 . 20.000 s(j. mi. 

6. Jvt'sa than 8-2 million .sf|. mi. 7. More Ilian 5 million sq. mi. 

8. 15 nautical miles [821 - 800], 

9. Roughly (1) 1540 mi., (2) 1515 mi., (.3) 1524 mi. 

10. 21 1 nautical miles, 40° 02' »S. lat. 

IV •:i) 1081 nauV.cal mile.s (2) 1058 n.m., (5Vabout 27' 54', (4) lO.M n.m., 
(5) 27 n.m., (0) about 55° 41' N. lat. 

12. About 78° 33' N. lat. 
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